On the number zeta(3) by Gutnik, L. A.
ar
X
iv
:0
90
2.
47
32
v3
  [
ma
th.
NT
]  
6 S
ep
 20
09
On the number ζ(3)
L.A.Gutnik
To the thirtieth anniversary
of Apery’s discovery.
Table of contents
§0. Foreword.
§1. Short proof of Yu.V. Nesterenko expansion.
§2. Introduction. Begin of the proof of Theorem A.
§3. Transformation the system considered in the Itroduction in the case
α = 1.
§4. Calculation of the matrix A∗∗1,0(z, ν).
§5. Further properties of the matrix A∗0∗1,0 (z, ν).
§6. Further properties of the functions considered in the Introduction.
§7. End of the proof of theorem A.
§0. Foreword .
Let is given a difference equation
xν+1 − bν+1xν − aν+1xν−1 = 0,(1)
with ν ∈ N0. We denote by
{Pν(b0, a1, b1, ..., aν , bν)}+∞ν=−1
and
{Qν(b0, a1, b1, ..., aν , bν)}+∞ν=−1
the solutions of this equation with initial values
P−1 = 1, Q−1 = 0, P0(b0) = b0, Q0(b0) = 1.(2)
Then {
Pν(b0, a1, b1, ..., aν , bν)
Qν(b0, a1, b1, ..., aν , bν)
}+∞
ν=0
1
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is sequence of convergents of continuous fraction
b0 +
a1|
|b1 + ...+
aν |
|bν + ... .
Accoding to the famous result of R. Ape´ry [1],
ζ(3) = lim
ν→∞
vν
uν
,(3)
where {uν}+∞ν=1 and {vν}+∞ν=1 are solutions of difference equation
(ν + 1)3xν+1 − (34ν3 + 51ν2 + 27ν + 5)xν + ν3xν−1 = 0,(4)
with initial values u0 = 1, u1 = 5, v1 = 0, v1 = 6. The equality (3) is
equivalent to the equality
ζ(3) = b∨0 +
a∨1 |
|b∨1
+
a∨2 |
|b∨2
+ ...+
a∨ν |
|b∨ν
+ ...(5)
, with
b∨0 = 0, b
∨
1 = 5, a
∨
1 = 6, b
∨
ν+1 =(6)
34ν3 + 51ν2 + 27ν + 5, a∨ν+1 = −ν6,
where ν ∈ N. Yu.V. Nsterenko in [3] has offered the following expansion the
number 2ζ(3) in continuous fraction:
2ζ(3) = 2 +
1|
|2 +
2|
|4 +
1|
|3 +
4|
|2 ...,(7)
with
b0 = b1 = a2 = 2, a1 = 1, b2 = 4,(8)
b4k+1 = 2k + 2, a4k+1 = k(k + 1), b4k+2 =(9)
2k + 4, a4k+2 = (k + 1)(k + 2)
for k ∈ N,
b4k+3 = 2k + 3, a4k+3 = (k + 1)
2, b4k+4 =(10)
2k + 2, a4k+4 = (k + 2)
2
for k ∈ N0. The halfs of convergents of continuous fraction (7) compose a
sequence containig convergents of continuous fraction (5).
Making use of the method developed in our papers [7] – [17], we have
found the followng expansions of the Number ζ(3) in contiuous fractions :
Teorem A. The followng equalities hold
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2ζ(3) = b
(∗1)
0 +
a
(∗1)
1 |
|b(∗1)1
+ ...+
a
(∗1)
ν |
|b(∗1)ν
+ ...,(11)
2ζ(3) = b
(∗2)
0 +
a
(∗2)
1 |
|b(∗2)2
+ ...+
a
(∗2)
ν |
|b(∗2)ν
+ ...,(12)
with
b
(∗1)
0 = 3, a
(∗1)
1 = −81,
a(∗1)ν = −(ν − 1)3ν3(4ν2 − 4ν − 3)3
for ν ∈ [2,+∞) ∩ N,
b(∗1)ν = 4(68ν
6 − 45ν4 + 12ν2 − 1)
for ν ∈ N,
b
(∗2)
0 = 2, a
(∗2)
1 = 42,
a(∗2)ν = −(ν − 1)3ν3(4ν2 − 4ν − 3)((ν + 1)3 − ν3)((ν − 1)3 − (ν − 2)3)
for ν ∈ [2,+∞) ∩ N,
b(∗2)ν = 2(102ν
6 − 68ν4 + 21ν2 − 3),
for ν ∈ N. I give short proof of Yu.V. Nesterenko expansion in section 1. I
prove Theorem A in sections 2 – 7.
§1. Short proof of Yu.V. Nesterenko expansion.
Instead of expansion (7) with (8), it is more convenient for us to prove
the equivalent expansion
ζ(3) = 1 +
1|
|4 +
4|
|4 +
1|
|3 +
4|
|2 ...,(13)
with
b0 = 1, a1 = 1, b1 = a2 = b2 = 4.(14)
Furthermore, to avoid of mishmash in notations, we denote below aν , bν for
the fraction (13) by a∧ν , b
∧
ν . Let P
∨
−1 = 1, Q
∨
−1 = 0,
P ∨ν = Pν(b
∨
0 , a
∨
1 , b
∨
1 , ..., a
∨
ν , b
∨
ν ), Q
∨
ν = Qν(b
∨
0 , a
∨
1 , b
∨
1 , ..., a
∨
ν , b
∨
ν ),
where values a∨ν , b
∨
ν are spcified in (6), and ν ∈ N0. Then
Q∨0 = 1, P
∨
0 = b
∨
0 = 0, Q
∨
1 = b
∨
1 = 5, P
∨
1 =(15)
a∨1 = 6, b
∨
2 = 117, a
∨
2 = −1, P ∨2 =
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b∨2P
∨
1 + a
∨
2P
∨
0 = 702, Q
∨
2 =
b∨2Q
∨
1 + a
∨
2Q
∨
0 = 584.
Let P ∧
−1 = 1, Q
∧
−1 = 0,
P ∧ν = Pν(b
∧
0 , a
∧
1 , b
∧
1 , ..., a
∧
ν , b
∧
ν ), Q
∧
ν = Qν(b
∧
0 , a
∧
1 , b
∧
1 , ..., a
∧
ν , b
∧
ν ),
where ν ∈ N0, a∧ν := aν , b∧ν := bν , and values aν , bν are spcified in (14), (9),
and (10). Then, since P ∧
−1 = 1, Q
∧
−1 = 0, it follows from (14) that
P ∧0 = b0 = 1, Q
∧
0 = 1, P
∧
1 = b
∧
1P
∧
0 + a
∧
1P
∧
−1 = 5, Q
∧
1 = b
∧
1Q
∧
0 + a
∧
1Q
∧
−1 = 4,
P ∧2 = b
∧
2P
∧
1 + a
∧
2P
∧
0 = 24 = 4P
∨
1 , Q
∧
2 = b
∧
2Q1 +(16)
a∧2Q0 = 20 = 4Q
∨
1 , P
∧
3 = b
∧
3P
∧
2 + a
∧
3P
∧
1 = 77, Q
∧
3 = b
∧
3Q
∧
2+
a∧3Q
∧
1 = 64, P
∧
4 = b
∧
4P
∧
3 + a
∧
4P
∧
2 = 250, Q
∧
4 = b
∧
4Q
∧
3 + a
∧
4Q
∧
2 = 208,
P ∧5 = b
∧
5P
∧
4 + a
∧
5P
∧
3 = 1154, Q
∧
5 = b
∧
5Q
∧
4 + a
∧
5Q
∧
3 = 960,
P ∧6 = b
∧
6P
∧
5 + a
∧
6P
∧
4 = 12× 702 = 12P ∨2 , Q∧6 = b∧6Q∧5 +(17)
a∧6Q
∧
4 = 12× 584 = 12Q∨2 .
Let
U∧ν =
(
P ∧ν−1 Q
∧
ν−1
P ∧ν Q
∧
ν
)
, A∧ν =
(
0 1
a∧1+ν b
∧
1+ν
)
,(18)
U∨ν =
(
P ∨ν−1 Q
∨
ν−1
P ∨ν Q
∨
ν
)
, A∨ν =
(
0 1
a∨1+ν b
∨
1+ν
)
,(19)
where ν ∈ N0. Then
U∧ν = A
∧
ν−1U
∧
ν−1, U
∨
ν = A
∨
ν−1U
∨
ν−1(20)
for ν ∈ N,
U∨0 =
(
1 0
0 1
)
, U∨1 =
(
0 1
6 5
)
, U∨2 =
(
6 5
702 584
)
,(21)
U∧0 =
(
1 0
1 1
)
, U∧1 =
(
1 1
5 4
)
, U∧2 =
(
5 4
24 20
)
, U∧3 =(22)
(
24 20
77 64
)
, U∧4 =
(
77 64
250 208
)
, U∧5 =(
250 208
1154 960
)
, U∧6 =
(
1154 960
8424 7008
)
,
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(U∨1 )(U
∧
2 )
−1 =
1
4
(−24 5
0 1
)
,(23)
(U∨2 )(U
∧
6 )
−1 =
1
96
(−36 5
0 8
)
.(24)
Let
H1 =
1
4
(−24 5
0 1
)
,(25)
Hk =
(
12(k + 2)(k + 1)c(k + 1) −5(k + 2)c(k + 1)
0 −(k − 1)3c(k)
)
,(26)
where k ∈ [2,+∞)∩Z and c(k) = (−2(k− 1)3(k + 1)!)−1. Let k ∈ N, k ≥ 2.
Then, in view of (18),
A∧4k−6 =
(
0 1
a∧4(k−2)+3 b
∧
4(k−2)+3
)
=
(
0 1
(k − 1)2 2k − 1
)
,
A∧4k−5 =
(
0 1
a∧4(k−2)+4 b
∧
4(k−2)+4
)
=
(
0 1
k2 2k − 2
)
,
A∧4k−4 =
(
0 1
a∧4(k−1)+1 b
∧
4(k−1)+1
)
=
(
0 1
k2 − k 2k
)
,
A∧4k−3 =
(
0 1
a∧4(k−1)+2 b
∧
4(k−1)+2
)
=
(
0 1
k2 + k 2k + 2
)
,
A∧4k−5A
∧
4k−6 =
(
(k − 1)2 2k − 1
2(k − 1)3 5k2 − 6k + 2
)
,
A∧4k−4A
∧
4k−5A
∧
4k−6 =
(
2(k − 1)3 5k2 − 6k + 2
5k(k − 1)3 k(12k2 − 15k + 5)
)
.
Let
B∧k = A
∧
4k−3A
∧
4k−4A
∧
4k−5A4k−6 =(27) (
5k(k − 1)3 k(12k2 − 15k + 5)
12k(k + 1)(k − 1)3 k(k + 1)(29k2 − 36k + 12)
)
,
Then, in view of (20),
U∧4k−2 = B
∧
k U
∧
4k−6,(28)
where, as before, k ∈ [2,+∞) ∩ Z. Let now k ∈ [3,+∞) ∩ Z. Then, in view
of (26),
Hk−1 =
(
12(k + 1)kc(k) −5(k + 1)c(k)
0 −(k − 2)3c(k − 1)
)
.(29)
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In view of (6)
b∨k = 34(k − 1)3 + 51(k − 1)2 + 27(k − 1) + 5 =(30)
34k3 − 51k2 + 27k − 5, a∨k = −(k − 1)6,
where k ∈ [3,+∞) ∩ Z. Hence, in view of (19),
A∨k−1 =
(
0 1
−(k − 1)6 34k3 − 51k2 + 27k − 5
)
,(31)
In view (29) – (31),
A∨k−1Hk−1 =
(
0 1
−(k − 1)6 34k3 − 51k2 + 27k − 5
)
×(32)
(
12(k + 1)kc(k) −5(k + 1)c(k)
0 −(k − 2)3c(k − 1)
)
=
(
0 −(k − 2)3c(k − 1)
−(k − 1)612(k + 1)kc(k) (k − 1)65(k + 1)c(k)− b∨k (k − 2)6c(k − 1).
)
.
In view (27) and (26),
HkB
∧
k =
(
12(k + 2)(k + 1)c(k + 1) −5(k + 2)c(k + 1)
0 −(k − 1)3c(k)
)
×(33)
(
5k(k − 1)3 k(12k2 − 15k + 5)
12k(k + 1)(k − 1)3 k(k + 1)(29k2 − 36k + 12)
)
=
(
0 (k + 2)c(k + 1)k(k + 1)(−k2)
−c(k)12k(k + 1)(k − 1)6 −(k − 1)3c(k)k(k + 1)(29k2 − 36k + 12)
)
.
Since
−(k + 2)(k + 1)c(k + 1)k3 = −c(k − 1)(k − 2)3,
−(k − 1)3c(k)k(k + 1)(29k2 − 36k + 12)− ((k − 1)65(k + 1)c(k) =
−(34k3 − 51k2 + 27k − 5)(k − 1)3(k + 1)c(k)) =
−(34k3 − 51k2 + 27k − 5)(k − 2)3)c(k − 1)),
it follows from (30), (32) and (33) that
A∨k−1Hk−1 = HkB
∧
k(34)
for k ∈ [3,+∞) ∩ Z. We prove by induction now the followiong equality
U∨k = HkU
∧
4k−2.(35)
for any k ∈ N. In view of (23) and (25), the equality (35) holds for k = 1. In
view of (24) and (26), the equality (35) holds for k = 2. Let k ∈ [3,+∞)∩Z
and (35) holds for k − 1. Then, in view of(28), (34) and (20),
HkU
∧
4k−2 = HkBkU
∧
4k−6 = A
∨
k−1Hk−1U
∧
4k−6 = A
∨
k−1U
∨
k−1 = U
∨
k .
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So, the equality (35) holds for any k ∈ N. In view of (35),
P ∨k = (2(k + 1)!)
−1P ∧4k−2, Q
∨
k = (2(k + 1)!)
−1Q∧4k−2(36)
for k ∈ [2,+∞) ∩ Z. Since
P ∨ν = (ν!)
3vν , Q
∨
ν = (ν!)
3uν(37)
for vν and uν in (3) and ν ∈ N0, it follows from (36) and (37), that
P ∧4k−2 = 2(k + 1)(k!)
4vk, Q
∧
4k−2 = 2(k + 1)(k!)
4uk(38)
Let k ∈ [2,+∞) ∩ Z. In view of (14) and (9) - (10),
Q∧4k−2 < Q
∧
4k−1 < Q
∧
4k−2(k
2 + 2k + 1),(39)
Q∧4k−2 < Q
∧
4k−1 < Q
∧
4k <(40)
Q∧4k−1(k
2 + 4k + 1) < Q∧4k−2(k
2 + 2k + 1)(k2 + 4k + 1),
Q∧4k−2 < Q
∧
4k < Q
∧
4k+1 < Q
∧
4k(k
2 + 3k + 2) <(41)
Q∧4k−2(k
2 + 2k + 1)(k2 + 4k + 1)(k2 + 3k + 2),
4k−2∏
κ=1
aκ = 4
k∏
κ=2
a4κ−5a4κ−4a4κ−3a4κ−2 =(42)
4
k∏
κ=2
(κ− 1)2κ2(κ− 1)κκ(κ + 1) = 2(k!)8(k + 1)/k3,
4k−1∏
κ=1
aκ = k
2
4k−2∏
κ=1
aκ = 2(k!)
8(k + 1)/k,(43)
4k∏
κ=1
aκ = (k + 1)
2
4k−1∏
κ=1
aκ = 2(k!)
8(k + 1)3/k,(44)
4k+1∏
κ=1
aκ = k(k + 1)
4k∏
κ=1
aκ = 2(k!)
8(k + 1)4.(45)
As it is well known, for any ε > 0 there exist C1(ε) > 0 and C2(ε) > 0 such
that
C1(ε)(1 +
√
2)4k(1−ε) < |uk| < C2(ε)(1 +
√
2)4k(1+ε),(46)
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C1(ε)(1 +
√
2)4k(1−ε) < |vk| < C2(ε)(1 +
√
2)4k(1+ε),(47)
C1(ε)
(1 +
√
2)8k(1+ε)
<
∣∣∣∣ζ(3)− vkuk
∣∣∣∣ < C2(ε)(1 +√2)8k(1−ε) .(48)
Terefore, according to (38) – (48), and well known expression for the differ-
ence of two neighboring convergents of continuous fraction, for any ε > 0
there exist C3(ε) > 0 and C4(ε) > 0 such that
C3(ε)
(1 +
√
2)8k(1+ε)
<
∣∣∣∣ζ(3)− P ∧4k−2Q∧4k−2
∣∣∣∣ < C4(ε)(1 +√2)8k(1−ε) ,(49)
C3(ε)
(1 +
√
2)8k(1+ε)
<
∣∣∣∣P ∧4k−1+iQ∧4k−1+i −
P ∧4k−2+i
Q∧4k−2+i
∣∣∣∣ < C4(ε))(1 +√2)8k(1−ε)(50)
for i = 0, 1, 2, and
C3(ε)
(1 +
√
2)8k(1−ε)
<
∣∣∣∣ζ(3)− P ∧4k−2+iQ∧4k−2+i
∣∣∣∣ < C4(ε)(1 +√2)8k(1+ε) ,(51)
for i = 0, 1, 2, 3. .
§2. Introduction. Begin of the proof of Theorem A.
Let
|z| > 1,−3π/2 < arg(z) ≤ π/2, log(z) = ln(|z|) + i arg(z).(52)
Then log(−z) = log(z) − iπ, if ℜ(z) > 0 and log(z) = log(−z) − iπ, if
ℜ(z) < 0. Let α ∈ N0,
f ∗∨α,0,1(z, ν) := f
∗
α,0,1(z, ν) :=
ν+α∑
k=0
(z)k
(
ν + α
k
)2(
ν + k
ν
)2
,(53)
R(α, t, ν) =
ν∏
j=1
(t− j)
ν+α∏
j=0
(t+ j)
,(54)
f ∗α,0,2(z, ν) =
+∞∑
t=1
z−t
(ν + α)!2
ν!2
(R(α, t, ν))2,(55)
f ∗α,0,4(z, ν) = −
+∞∑
t=1
z−t
(ν + α)!2
ν!2
(
∂
∂t
(R2)
)
(α, t, ν),(56)
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f ∗α,0,3(z, ν) = (log(z))f
∗
α,0,2(z, ν) + f
∗
α,0,4(z, ν),(57)
fα,0,k =
ν!2
(ν + α)!2
(z, ν)f ∗α,0,k(z, ν)(58)
where k = 1, 2, 3, 4, ν ∈ N0. Let
µ = µα(ν) = (ν + α)(ν + 1), τ = τα(ν) = ν +
1 + α
2
,(59)
a∨α,0,1,1(z, ν) =
1
2
(−1 + 2α− α2 − 5µ+ 3αµ− 5µ2 − αµ2) +(60)
z
2
(−4 + 12α− 13α2 + 6α3 − α4)+
z
2
µ(−32 + 54α− 29α2 + 5α3 − 56µ+ 20αµ),
a∨α,0,1,2(z; ν) = −2 + 3α− α2 − 8µ+ αµ− α2µ− 4µ2 +(61)
z(2 − 11α+ 17α2 − 10α3 + 2α4 − 4µ− 11αµ+ 3α2µ− 20µ2),
a∨α,0,1,3(z; ν) = −4 + 5α−
3
2
α2 − 1
2
α3 − 12µ− 2αµ+(62)
z
(
10− 24α+ 37
2
α2 − 11
2
α3 + 24µ− 22αµ
)
,
a∨α,0,1,4(z; ν) = (z − 1)(6− 7α + 3α2 + 12µ),(63)
a∧α,0,1,1(z; ν) = 1− α + 3µ+ µ2 +(64)
z(4− 8α + 5α2 − α3 + 24µ− 22αµ+ 5α2µ+ 16µ2),
a∧α,0,1,2(z; ν) = 4− 2α+ 8µ+ 2αµ+(65)
z(−4 + 18α− 16α2 + 4α3 + 16µ+ 10αµ),
a∧α,0,1,3(z; ν) =(66)
8− 2α + α2 + 8µ+ z(−20 + 28α− 5α2 − 8µ),
a∧α,0,1,4(z; ν) = −(z − 1)(12− 2α),(67)
a∨α,0,2,1(z; ν) =
z
2
(−4 + 12α− 13α2 + 6α3 − α4) +(68)
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z
2
µ(−32 + 54α− 29α2 + 5α3) + z
2
µ2(−68 + 34α− 6α2 − 24µ),
a∨α,0,2,2(z; ν) =
1
2
(−1 + 2α− α2 − 5µ+ 3αµ− 5µ2 − αµ2) +(69)
z
2
(−10α + 21α2 − 14α3 + 3α4)+
z
2
µ(−16− 20α + 17α2 − 7α3 − 48µ− 28αµ),
a∨α,0,2,3(z; ν) = −2 + 3α− α2 − 8µ+ αµ− α2µ− 4µ2 +(70)
z
2
(12− 32α+ 25α2 − 5α3 − 2α4) + zµ(20 − 23α− 3α2 + 4µ),
a∨α,0,2,4(z; ν) =
1
2
(−8 + 10α− 3α2 − α3 − 24µ− 4αµ) +(71)
z
2
(8− 10α + 3α2 + α3 + 24µ+ 4αµ),
a∨α,0,3,1(z; ν) =
z
2
(−4 + 12α− 13α2 + 6α3 − α4) +(72)
z
2
µ(−32 + 54α− 29α2 + 5α3)+
z
2
µ2(−76 + 44α− 9α2 − α3 − 48µ− 4αµ),
a∨α,0,3,2(z; ν) = z(−2 + α + 4α2 − 4α3 + α4) +(73)
zµ(−16− α + 7α2 − 3α3 − α4 − 34µ− 17αµ− 7α2µ− 12µ2),
a∨α,0,3,3(z; ν) =
1
2
(−1 + 2α− α2 − 5µ+ 3αµ− 5µ2 − αµ2) +(74)
z
2
(4− 16α+ 15α2 − 4α3 − α5)+
z
2
µ(16− 42α + α2 − 9α3 + 8µ− 20αµ),
a∨α,0,3,4(z; ν) = −2 + 3α− α2 − 8µ+ αµ− α2µ− 4µ2 +(75)
z(2 − 3α + α2 + 8µ− αµ+ α2µ+ 4µ2),
a∨α,0,4,1(z; ν) =
z
2
(−4 + 12α− 13α2 + 6α3 − α4) +(76)
z
2
µ(−32 + 54α− 29α2 + 5α3 − 80µ+ 50αµ− 11α2µ− α3µ)+
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zµ3(−32− α− α2 − 4µ),
a∨α,0,4,2(z; ν) =
z
2
(−8 + 14α− 5α2 − 2α3 + α4) +(77)
z
2
µ(−56 + 32α+ α2 − 5α3 − 2α4)+
z
2
µ2(−112− 26α− 15α2 − 5α3) + zµ3(−28− 10α),
a∨α,0,4,3(z; ν) =
z
2
(−4 + 5α2 − 2α3 − α5) +(78)
z
2
µ(−24− 22α− 3α2 − 9α3 − 4α4 − 36µ− 42αµ− 18α2µ− 8µ2),
a∨α,0,4,4(z; ν) =
1
2
(−1 + 2α− α2 − 5µ+ 3αµ− 5µ2 − αµ2) +(79)
z
2
(−2α + α2 − α5) + z
2
µ(−8α− 5α2 − 5α3 − 4αµ),
a∧α,0,2,1(z; ν) = z(4− 8α + 5α2 − α3) +(80)
zµ(24− 22α + 5α2 + 28µ− 2αµ),
a∧α,0,2,2(z; ν) = 1− α + 3µ+ µ2 +(81)
z(10α− 11α2 + 3α3) + zµ(16 + 16α+ α2) + 16zµ2,
a∧α,0,2,3(z; ν) = 4− 2α+ 8µ+ 2αµ+(82)
z(−12 + 20α− 5α2 + 2α3) + zµ(−16 + 14α),
a∧α,0,2,4(z; ν) = (8− 2α+ α2 + 8µ)(1− z),(83)
a∧α,0,3,1(z; ν) = z(4− 8α + 5α2 − α3) +(84)
zµ(24− 22α + 5α2 + 36µ− 4αµ+ α2µ+ 8µ2),
a∧α,0,3,2(z; ν) = z(4 + 2α− 6α2 + 2α3) +(85)
zµ(24 + 14α+ 2α3) + zµ2(28 + 14α),
a∧α,0,3,3(z; ν) = 1− α + 3µ+ µ2 +(86)
z(−4 + 12α− 3α2 + α3 + α4 − 8µ+ 18µα + 7µα2),
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a∧α,0,3,4(z; ν) = (4− 2α+ 8µ+ 2αµ)(1− z),(87)
a∧α,0,4,1(z; ν) = z(4− 8α + 5α2 − α3) +(88)
zµ(24− 22α + 5α2 + 40µ− 6αµ+ α2µ) + zµ3(16 + 2α),
a∧α,0,4,2(z; ν) = z(8 − 6α− α2 + α3) +(89)
zµ(40 + 4α + α2 + 2α3) + zµ2(48 + 22α+ 5α2) + 8zµ3,
a∧α,0,4,3(z; ν) = z(4 + 4α− α2 + α3 + α4) +(90)
zµ(16 + 22α + 11α2 + 4α3) + zµ2(12 + 10α)
a∧α,0,4,4(z; ν) = 1− α + 3µ+ µ2 +(91)
2zα + zα2 + zα3 + zα4 + 4zµα + 3zµα2,
a∗α,0,i,k(z; ν) = a
∨
α,0,i,k(z; ν) + τa
∧
α,0,i,k(z; ν),(92)
where i = 1, ..., 4, k = 1, ..., 4. We denote by
A∗α,0(z; ν), A
∨
α,0(z; ν)(z; ν), A
∧
α,0(z; ν)(z; ν)
the 4× 4-matrix, such that its element in i-th row and k-th column is equal
respectively to
a∗α,0,i,k(z; ν), a
∨
α,0,i,k(z; ν), a
∧
α,0,i,k(z; ν)
where i = 1, ..., 4, k = 1, ..., 4. Then
A∗α,0(z; ν) = A
∨
α,0(z; ν)(z; ν) + τA
∧
α,0(z; ν)(z; ν).(93)
Clearly,
A∗α,0(z; ν) = A
∗
α,0(z; ν)(1; ν) + (z − 1)V ∗α,0(ν),(94)
where the matrix V ∗α,0(ν) does not depend from z. Let
Xα,0,k(z; ν) =


fα,0,k(z, ν)
δfα,0,k(z, ν)
δ2fα,0,k(z, ν)
δ3fα,0,k(z, ν)

 , X∗α,0,k(z; ν) = ((ν + α)!)2(ν!)2 Xα,0,k(z; ν)
(95)
for k = 1, 2, 3, |z| > 1, ν ∈ N0. Let further
Xα,0,k(z;−ν − 1− α) = Xα,0,k(z; ν),(96)
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where ν ∈ N0. The following results are obtained in [15] – [17].
Theorem 1. The column Xα,0,k(z; ν) satisfies to the equation
ν5Xα,0,k(z; ν − 1) = A∗α,0(z; ν)Xα,0,k(z; ν),(97)
for ν ∈ M∗α = (−∞,−1 − α] ∪ [1,+∞)) ∩ Z, k = 1, 2, 3, |z| > 1; moreover,
the matrix A∗α,0(z; ν) has the following property:
− ν5(ν + α)5E4 = A∗α,0(z;−ν − α)A∗α,0(z; ν),(98)
where E4 is the 4× 4 unit matrix, z ∈ C, ν ∈ C. Let us consider the row
Rα,0(ν) = (rα,0,1(ν), rα,0,2(ν), rα,0,3(ν), rα,0,4(ν)),(99)
where
rα,0,1(ν) = µα(ν)
2, rα,0,2(ν) = −2(1− α)×(100)
µα(ν), rα,0,3(ν) = (1− α)2 − 2µα(ν), rα,0,4(0, ν) = 2(1− α).
The following Theorem is proved in [17] (Lemma 11.3.1).
Theorem 2. The row Rα,0(ν) has the following property:
Rα,0(ν − 1)A∗α,0(1; ν) = ν5Rα,0(ν),(101)
where ν ∈ C.
§3. Transformations of the system considered in the
Introduction in the case α = 1.
In view of (59), (100)
τ = τ1(ν) = ν + 1, µ = µ1(ν) = (ν + 1)
2, r1,0,1(ν) =(102)
µ1(ν)
2 = (ν + 1)4 = τ 4, r1,0,2(ν) = 0, r1,0,3(ν) =
−2µ1(ν) = −2(ν + 1)2, rα,0,4(0, ν) = 0.
Let E4 denotes 4 × 4-unit matrix, and let C(κ)(ν) with κ = 0, 1 is result of
replacement of 2κ+1-th row of the matrix E4 by the row in (99) with α = 1.
Let further D(κ)(ν) with κ = 0, 1 denotes the adjoint matrix to the matrix
C(κ)(ν). Then
C(0)(ν) =(103) 

r1,0,1(ν) r1,0,2(ν) r1,0,3(ν) r1,0,4(ν)
0 1 0 0
0 0 1 0
0 0 0 1

 , C(1)(ν) =
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

1 0 0 0
0 1 0 0
r1,0,1(ν) r1,0,2(ν) r1,0,3(ν) r1,0,4(ν)
0 0 0 1

 ,
D(0)(ν) =(104)


1 −r1,0,2(ν) −r1,0,3(ν) −r1,0,4(ν)
0 r1,0,1(ν) 0 0
0 0 r1,0,1(ν) 0
0 0 0 r1,0,1(ν)

 , D(1)(ν) =


r1,0,3(ν) 0 0 0
0 r1,0,3(ν) 0 0
−r1,0,1(ν) −r1,0,2(ν) 1 −r1,0,4(ν)
0 0 0 r1,0,3(ν)

 .
Clearly,
C(κ)(ν)D(κ)(ν) = (−2)κ(µ1(ν))2−κE4, C(κ)(−ν − 2) =(105)
C(κ)(ν), D(κ)(−ν − 2) = D(κ)(ν),
where κ = 0, 1. Let
A∗κ∗1,0 (z, ν) = C
(κ)(ν − 1)A∗1,0(z, ν)D(κ)(ν).(106)
Then
A∗κ∗1,0 (z,−ν − 1) =(107)
C(κ)(−ν − 2)A∗1,0(z,−ν − 1)D(κ)(−ν − 1) =
C(κ)(ν)A∗1,0(z,−ν − 1)D(κ)(ν − 1),
and, in view of (105), (98), (106),
A∗κ∗1,0 (z,−ν − 1)A∗κ∗1,0 (z, ν) =(108)
C(κ)(ν)A∗1,0(z,−ν − 1)D(κ)(ν − 1)C(k)(ν − 1)A∗1,0(z, ν)D(ν) =
−4κ(µ1(ν)µ1(ν − 1))2−κ(ν(ν + 1))5E4,
where κ = 0, 1. Let
Y
(κ)
1,0,k(z; ν) = C
(κ)(ν)X1,0,k(z; ν),(109)
where κ = 0, 1, k = 1, 2, 3, |z| > 1, ν ∈ M∗∗∗1 = ((−∞,−2] ∪ [0,+∞)) ∩ Z.
Then, in view of (96), (105), (97),
Y
(κ)
1,0,k(z;−ν − 2) = Y (κ)1,0,k(z; ν),(110)
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A∗κ∗1,0 (z, ν)Y
(κ)
1,0,k(z; ν) =(111)
C(κ)(ν − 1)A∗1,0(z, ν)D(κ)(ν)C(κ)(ν)X1,0,k(z; ν) =
(−1)κ(κ + 1)µ1(ν)2−κC(κ)(ν − 1)A∗1,0(z, ν)X1,0,k(z; ν) =
(−1)κ(κ+ 1)µ1(ν)2−κν5C(κ)(ν − 1)X1,0,k(z; ν − 1) =
(−1)κ(κ+ 1)µ1(ν)2−κν5ν5Y (κ)1,0,k(z; ν − 1),
where κ = 0, 1, k = 1, 2, 3, |z| > 1, ν ∈ M∗1 = ((−∞,−2] ∪ [1,+∞)) ∩ Z.
Replacing in the equality (111)
ν ∈M∗1 = ((−∞,−2] ∪ [1,+∞)) ∩ Z
by
ν := −ν − 2 ∈M∗∗1 = ((−∞,−3] ∪ [0,+∞)) ∩ Z,
and taking in account (110) we obtain the equality
− A∗κ∗1,0 (z,−ν − 2)Y (κ)1,0,k(z; ν) = (−1)κ(κ+ 1)µ1(ν)2−κ(ν + 2)5Y (κ)1,0,k(z; ν + 1),
(112)
where κ = 0, 1, k = 1, 2, 3, |z| > 1, ν ∈M∗∗1 = ((−∞,−3] ∪ [0,+∞)) ∩ Z.
§4. Calculation of the matrix A∗κ∗1,0 (z, ν) for κ = 0, 1.
Let
V ∗κ∗1,0 (ν) = C
(κ)(ν − 1)V ∗1,0(ν)D(κ)(ν).(113)
Then, in view of (94),
A∗κ∗α,0 (z; ν) = A
∗κ∗
α,0 (1; ν)(1; ν) + (z − 1)V ∗κ∗α,0 (ν),(114)
where the matrix V ∗∗α,0(ν) does not depend from z. We note that the 2κ+1-th
row of the matrix
C(κ)(ν − 1)A∗1,0(1, ν)
coincides with the row
R∗1,0(ν − 1)A∗∗1,0(z, ν)
and, according to the Theorem 2 coincides with the row ν5R∗1,0(ν), i.e. with
the 2κ + 1-th row of the matrix ν5C(κ)(ν). Therefore, in view of (105), the
(2κ+ 1)-th row of the matrix A∗κ∗1,0 (1, ν) is equal to
(−2)κ(µ1(ν)2−κ)ν5e¯4,2κ+1,(115)
where e¯4,l denotes the l-th row of the matrix E4 for l = 1, 2, 3, 4. We note
further that the second, 3 − 2κ-th and fourth row of the matrix C(κ)(ν −
1)A∗1,0(1, ν) coincides with respectively the second, 3− 2κ-th and fourth row
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of the matrix A∗1,0(1, ν). In view of the equalities (148) – (151) in [17], since
α = 1 and µ = µ1(ν) = (ν + 1)
2, τ = τ1(ν) = ν + 1 now, it follows that
ν5 = p5(µ) + τq5(µ),(116)
where
p5(µ) = −5µ2 − 10µ− 1, q5(µ) = µ2 + 10µ+ 5.(117)
Let A∨κ∨1,0 (1; ν) denotes the 4× 4-matrix with second, (3− 2κ)-th and fourth
row equal respectively to the second, (3−2κ)-th and fourth row of the matrix
C(ν − 1)A∨1,0(1, ν)D(ν) and with (2κ+ 1)-th row equal to
(−2)κ(µ1(ν)2−κ)p5(µ)e¯4,2κ+1.
Let further A∧κ∧1,0 (1; ν) denotes the 4× 4-matrix with second, (3− 2κ)-th and
fourth row equal respectively to the second, (3 − 2κ)-th and fourth row of
the matrix C(ν − 1)A∧1,0(1, ν)D(ν) and with (2κ+ 1)-th row equal to
(−2)κ(µ1(ν)2−κ)q5(µ)e¯4,2κ+1.
Then, in view of (93), (115) and (116),
A∗κ∗1,0 (1; ν) = A
∨κ∨
1,0 (1; ν) + τA
∧κ∧
1,0 (1; ν),(118)
where κ = 0, 1.We denote by a∨κ∨1,0,i,j(1; ν), a
∧κ∧
1,0,i,j(1; ν) and a
∗κ∗
1,0,i,j(1; ν), where
κ = 0, 1; i, j = 1, 2, 3, 4, the expressions, which stand on intersection of i-th
row and j-th column in the matrices respectively A∗κ∗1,0 (1; ν), A
∨κ∨
1,0 (1; ν) and
A∧κ∧1,0 (1; ν). Then, in view of (115),
a∗κ∗1,0,2κ+1,2κ+1(1; ν) =(119)
(−2)κτ 4−2κ(τ − 1)5,
a∗κ∗1,0,2κ+1,k(1; ν) = 0,(120)
where κ = 0, 1, k = 3− 2κ, 2, 4. In view of (60),
a∨1,0,1,1(1; ν) = −2µ− 21µ2.(121)
In view of (64),
a∧1,0,1,1(1; ν) = 10µ+ 17µ
2.(122)
In view of (124), (125), (93) and (118),
a∗1,0,1,1(1; ν) =(123)
17τ 5 − 21τ 4 + 10τ 3 − 2τ 2) = τ 2(17τ 3 − 21τ 2 + 10τ − 2).
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In view of (68), (103), (104),
a∨0∨1,0,2,1(1; ν) = a
∨
1,0,2,1(1; ν) = −µ− 20µ2 − 12µ3.(124)
In view of (80), (103), (104),
a∧0∧1,0,2,1(1; ν) = a
∧
1,0,2,1(1; ν) = 7µ+ 26µ
2.(125)
In view of (124), (125), (93) and (118),
a∗0∗1,0,2,1(1; ν) = a
∗
1,0,2,1(1; ν) =(126)
−(12τ 6 − 26τ 5 + 20τ 4 − 7τ 3 + τ 2) =
−τ 2(τ − 1)(12τ 3 − 14τ 2 + 6τ − 1) =
−τ 2(τ − 1)(2τ − 1)(6τ 2 − 4τ + 1).
In view of (72), (103), (104),
a∨0∨1,0,3,1(1; ν) = a
∨
1,0,3,1(1; ν) = −µ− 21µ2 − 26µ3.(127)
In view of (84), (103), (104),
a∧0∧1,0,3,1(1; ν) = a
∧
α,0,3,1(1; ν) =(128)
7µ+ 33µ2 + 8µ3.
In view of (127), (128), (93) and (118),
a∗0∗1,0,3,1(1; ν) = a
∗
1,0,3,1(1; ν) =(129)
8τ 7 − 26τ 6 + 33τ 5 − 21τ 4+
τ 3 − τ 2 = τ 2(τ − 1)(8τ 4 − 18τ 3 + 15τ 2 − 6τ + 1) =
τ 2(τ − 1)2(8τ 3 − 10τ 2 + 5τ − 1).
τ 2(τ − 1)2(2τ − 1)(4τ 2 − 3τ + 1).
In view of (76), (103), (104),
a∨0∨1,0,4,1(1; ν) = a
∨
1,0,4,1(1; ν) = −µ− 21µ2 − 34µ3 − 4µ4.(130)
In view of (88), (103), (104),
a∧0∧α,0,4,1(1; ν) = a
∧
α,0,4,1(1; ν) = 7µ+ 35µ
2 + 18µ3.(131)
In view of (130), (131), (93) and (118),
a∗0∗1,0,4,1(1; ν) = a
∗
1,0,4,1(1; ν) =(132)
−4τ 8 + 18τ 7 − 34τ 6 + 35τ 5 − 21τ 4+
7τ 3 − τ 2 = −τ 2(τ − 1)(4τ 5 − 14τ 4 + 20τ 3 − 15τ 2 + 6τ − 1) =
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−τ 2(τ − 1)2(4τ 4 − 10τ 3 + 10τ 2 − 5τ + 1) =
−τ 2(τ − 1)3(4τ 3 − 6τ 2 + 4τ − 1) =
−τ 2(τ − 1)3(2τ − 1)(2τ 2 − 2τ + 1).
In view of (62), (103), (104),
a∨1∨1,0,1,3(1; ν) = a
∨
1,0,1,3(1; ν) = −2− 12µ.(133)
In view of (66), (103), (104),
a∧1∧1,0,1,3(1; ν) = a
∧
1,0,1,3(1; ν) = 10,(134)
In view of (133), (134), (93) and (118),
a∗1∗1,0,1,3(1; ν) = a
∗
1,0,1,3(1; ν) =(135)
−12τ 2 + 10τ − 2 = −2(2τ − 1)(3τ − 1).
In view of (70), (103), (104),
a∨1∨1,0,2,3(1; ν) = a
∨
1,0,2,3(1; ν) = −1− 14µ.(136)
In view of (82), (103), (104),
a∧1∧1,0,2,3(1; ν) = a
∧
α,0,2,3(1; ν) = 7 + 8µ,(137)
In view of (136), (137), (93) and (118),
a∗1∗1,0,2,3(1; ν) = a
∗
1,0,2,3(1; ν) =(138)
8τ 3 − 14τ 2 + 7τ − 1 =
(τ − 1)(8τ 2 − 6τ + 1) = (τ − 1)(2τ − 1)(4τ − 1).
In view of (74),
a∨1,0,3,3(1; ν) = −1− 18µ− 9µ2.(139)
In view of (86),
a∧1,0,3,3(1; ν) = 7 + 20µ+ µ
2.(140)
Hence,
a∗1,0,3,3(1; ν) = τ
5 − 9τ 4 + 20τ 3 − 18τ 2 + 7τ − 1 =(141)
(τ − 1)(τ 4 − 8τ 3 + 12τ 2 − 6τ + 1) =
(τ − 1)2(τ 3 − 7τ 2 + 5τ − 1).
In view of (78), (103), (104),
a∨1∨1,0,4,3(1; ν) = a
∨
1,0,4,3(1; ν) = −1 − 31µ− 48µ2 − 4µ3,(142)
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In view of (90), (103), (104),
a∧1∧α,0,4,3(1; ν) = a
∧
α,0,4,3(1; ν) = 9 + 53µ+ 22µ
2,(143)
In view of (142), (143), (93) and (118),
a∗1∗1,0,4,3(1; ν) =(144)
−4τ 6 + 22τ 5 − 48τ 4 + 53τ 3 − 31τ 2 + 9τ − 1 =
−(τ − 1)(4τ 5 − 18τ 4 + 30τ 3 − 23τ 2 + 8τ − 1) =
−(τ − 1)2(4τ 4 − 14τ 3 + 16τ 2 − 7τ + 1) =
−(τ − 1)3(4τ 3 − 10τ 2 + 6τ − 1) = −(τ − 1)3(2τ − 1)(2τ 2 − 4τ + 1).
In view of (61),
a∨1,0,1,2(1; ν) = −20µ− 24µ2,(145)
In view of (65),
a∧1,0,1,2(1; ν) = 4 + 36µ,(146)
In view of (69),
a∨1,0,2,2(1; ν) = −14µ− 41µ2.(147)
In view of (81),
a∧1,0,2,2(1; ν) = 2 + 36µ+ 17µ
2.(148)
In view of (73),
a∨1,0,3,2(1; ν) = −14µ− 58µ2 − 12µ3.(149)
In view of (85),
a∧1,0,3,2(1; ν) = 2 + 40µ+ 42µ
2.(150)
In view of (77).
a∨1,0,4,2(1; ν) = −15µ− 79µ2 − 38µ3.(151)
In view of (89),
a∧1,0,4,2(1; ν) = 2 + 47µ+ 75µ
2 + 8µ3.(152)
In view of (63), (67), (71), (83), (75) and (87),
a∨1,0,k,4(1; ν) = a
∧
1,0,k,4(1; ν) = 0.(153)
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for k = 1, 2, 3. In view of (79),
a∨1,0,4,4(1; ν) = −1− 10µ− 5µ2.(154)
In view of (91),
a∧1,0,4,4(1; ν) = 5 + 10µ+ µ
2.(155)
In view of (103), (104), (106) and (100) with α = 1,
a∗κ∗1,0,k,2+2j(1; ν) = −r1,0,2+2j(ν)a∗1,0,k,2κ+1,(1; ν) +(156)
r1,0,2κ+1(ν)a
∗
1,0,k,2+2j(1; ν) = (−2)κµ2−κa∗1,0,k,2+2j(1; ν),
where j, κ = 0, 1, k = 3− 2κ, 2, 4. Therefore, in view of (145) – (155),
a∗0∗1,0,3,2(1; ν) =(157)
−τ 5(12τ 5 − 42τ 4 + 58τ 3 − 40τ 2 + 14τ − 2) =
−τ 5(τ − 1)(12τ 4 − 30τ 3 + 28τ 2 − 12τ + 2) =
−τ 5(τ − 1)2(12τ 3 − 18τ 2 + 10τ − 2) =
−τ 5(τ − 1)2(2τ − 1)(6τ 2 − 6τ + 2) =
−2τ 5(τ − 1)2(2τ − 1)(τ 3 − (τ − 1)3),
a∗1∗1,0,1,2(1; ν) = −2τ 2(−24τ 4 + 36τ 3 − 20τ 2 + 4τ) =(158)
8τ 3(6τ 3 − 9τ 2 + 5τ − 1) = 8τ 3(2τ − 1)(3τ 2 − 3τ + 1) =
8τ 3(2τ − 1)(τ 3 − (τ − 1)3),
a∗κ∗1,0,2,2(1; ν) = (−2)κτ 4−2κ(17τ 5 − 41τ 4 + 36τ 3 − 14τ 2 + 2τ) =
(159)
(−2)κτ 5−2κ(τ − 1)(17τ 3 − 24τ 2 + 12τ − 2) =
(−2)κτ 5−2κ(τ − 1)(τ 3 + 2(2τ − 1)3),
a∗κ∗1,0,4,2(1; ν) =(160)
(−2)κτ 5−2κ(8τ 6 − 38τ 5 + 75τ 4 − 79τ 3 + 47τ 2 − 15τ + 2) =
(−2)κτ 5−2κ(τ − 1)(8τ 5 − 30τ 4 + 45τ 3 − 34τ 2 + 13τ − 2) =
(−2)κτ 5−2κ(τ − 1)2(8τ 4 − 22τ 3 + 23τ 2 − 11τ + 2) =
(−2)κτ 5−2κ(τ − 1)3(8τ 3 − 14τ 2 + 9τ − 2) =
(−2)κτ 5−2κ(τ − 1)3(2τ − 1)(4τ 2 − 5tau+ 2).
a∗κ∗1,0,k,4(1; ν) = 0 for k = 1, 2, 3,(161)
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a∗κ∗1,0,4,4(1; ν) =(162)
(−2)κτ 4−2κ(τ 5 − 5τ 4 + 10τ 3 − 10τ 2 + 5τ − 1) =
(−2)κτ 4−2κ(τ − 1)5,
where κ = 0, 1. Let
θ(k, κ) = det
(
r1,0,1+2κ r1,0,3−2κ
a∗1,0,k,2κ+1(1; ν) a
∗
1,0,k,3−2κ(1; ν),
)
,(163)
where κ = 0, 1, k = 1, 2, 3, 4. Then
θ(k, κ) = −θ(k, 1− κ), for κ = 0, 1, k = 1, 2, 3, 4;(164)
moreover, in view of (100) with α = 1, (103), (104) and (106),
a∗κ∗1,0,k,3−2κ(1; ν) = θ(k, κ) = −r1,0,3−2κ)(ν)a∗1,0,k,2κ+1(1; ν) +
(165)
r1,0,1+2κ(ν)a
∗
1,0,k,3−2κ(1; ν) = −(−2)1−κµ1+κa∗1,0,k,2κ+1(1; ν)+
(−2)κµ2−κa∗1,0,k,3−2κ(1; ν),
where κ = 0, 1, k = 3− 2κ, 2, 4. If we replace κ by κ′ = 1− κ in (165), then
we obtain the equality
a∗κ
′
∗
1,0,k,3−2κ′(1; ν) = θ(k, κ
′)(166)
where κ′ = 1− κ = 0, 1, k = 3− 2κ′ = 2κ+ 1, 2, 4. Hence,
a∗κ∗1,0,k,3−2κ(1; ν) = −a∗1−κ∗1,0,k,2κ+1(1; ν),(167)
where κ = 0, 1, k = 2, 4. Therefore, in view of (123) – (144),
a∗1∗1,0,1,1(1; ν) = −2τ 4(17τ 3 − 21τ 2 + 10τ − 2)−(168)
−2τ 4(−6τ 2 + 5τ − 1) = −2τ 4(17τ 3 − 27τ 2 + 15τ − 3) =
−2τ 4((τ − 1)3 + 2(2τ − 1)3).
a∗0∗1,0,3,3(1; ν) =(169)
τ 4(τ − 1)2(τ 3 − 7τ 2 + 5τ − 1)+
2τ 2(τ 2(τ − 1)2(8τ 3 − 10τ 2 + 5τ − 1)) =
τ 4(τ − 1)2(17τ 3 − 27τ 2 + 15τ − 3) =
τ 4(τ − 1)2((τ − 1)3 + 2(2τ − 1)3) =
−1
2
(τ − 1)2a∗1∗1,0,1,1(1; ν).
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a∗0∗1,0,2,3(1; ν) = −a∗1∗1,0,2,1(1; ν) =(170)
τ 4((τ − 1)(2τ − 1)(4τ − 1))+
2τ 2(−τ 2(τ − 1)(2τ − 1)(6τ 2 − 4τ + 1) =
−τ 4(τ − 1)(2τ − 1)(12τ 2 − 12τ + 3) =
−3τ 4(τ − 1)(2τ − 1)3.
a∗0∗1,0,4,3(1; ν) = −a∗1∗1,0,4,1(1; ν) =(171)
τ 4(−(τ − 1)3(2τ − 1)(2τ 2 − 4τ + 1))+
2τ 2(−τ 2(τ − 1)3(2τ − 1)(2τ 2 − 2τ + 1)) =
−τ 4(τ − 1)3(2τ − 1)(6τ 2 − 8τ + 3).
§5. Further properties of the matrix A∗κ∗1,0 (z, ν).
In view of (119), (162)
lim
ν→+∞
(−2)−κν−9+2κa∨κ∨1,0,4,4(1; ν) =(172)
lim
ν→+∞
(−2)−κν−9+2κa∨κ∨1,0,2κ+1,2κ+1(1; ν) = 1,
In view of (120)
lim
ν→+∞
(−2)κνla∗κ∗1,0,2κ+1,k(1; ν) = 0,(173)
where κ = 0, 1, k = 3− 2κ, 2, 4, l ∈ Z. In view of (126) and (138),
lim
ν→+∞
(−2)−κν−6a∗κ∗1,0,2,2κ+1(1; ν) = −12(1− κ,(174)
where κ = 0, 1. In view of (159), (168) (159) and (169),
lim
ν→+∞
(−2)−κν−9+2κa∨κ∨1,0,2,2(1; ν) =(175)
lim
ν→+∞
(−2)−κν−9+2κa∨κ∨1,0,3−2κ,3−2κ(1; ν) = 17,
where κ = 0, 1. In view of (170),
lim
ν→+∞
(−2)−κν−8a∗κ∗1,0,2,3−2κ(1; ν) = −2−κ24,(176)
where κ = 0, 1. In view of (161),
lim
ν→+∞
(−2)−κνla∗∗1,0,k,4(1; ν) = 0,(177)
where κ = 0, 1, k = 1 2, 3, l ∈ Z. In view of (129), (135),
lim
ν→+∞
(−2)−κν−7+4κa∗κ∗1,0,3−2κ,1+2κ(1; ν) = 8(1− κ)(178)
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In view of (157) and (158)
lim
ν→+∞
(−2)−κν−10+4κa∗∗1,0,3−2κ,2(1; ν) = −2κ12,(179)
where κ = 0, 1. In view of (132) and (144)
lim
ν→+∞
(−2)−κν−8+2κa∗κ∗1,0,4,2κ+1(1; ν) = −(−2)−κ4,(180)
where κ = 0, 1. In view of (160),
lim
ν→+∞
(−2)−κν−11+2κa∗κ∗1,0,4,2(1; ν) = 8,(181)
where κ = 0, 1. In view of (171),
lim
ν→+∞
(−2)−κν−10a∗κ∗1,0,4,3−2κ(1; ν) = −2−κ12,(182)
where κ = 0, 1.
Let λ be a variable. We denote by Tn,λ the diagonal n × n-matrix, i-th
diagonal element of which is equal to λi−1 for i = 1, ..., n. We denote by T
(i)
ν,λ
n × n-diagnoal matrix such that its i-th diagonal element is equal to λ and
and its other diagonal elements are equal to 1. It follows from (172) – (182)
that
lim
ν→+∞
(−2)−κν−9+2κ((T (2κ+1)4,ν )4−2κT4,ν)−1A∗κ∗1,0 (1; ν)(T (2κ+1)4,ν )4−2κT4,ν) = A(κ),
(183)
where κ = 0, 1,
A(0) =


1 0 0 0
−12 17 −24 0
8 −12 17 0
4 8 −12 1

 , A(1) =


17 −24 0 0
−12 17 0 0
0 0 1 0
−6 8 2 1

 .
Let me to make some comments to the equalities (183. Accordng to (173)
and (183
lim
ν→+∞
ν−9((T
(1)
4,ν )
4−lT4,ν)
−1A∗κ∗1,0 (1; ν)T
(1)
4,ν )
4−lT4,ν)(184)
=


1 0 0 0
0 17 −24 0
0 −12 17 0
04 8 −12 1

 ,
for any l ∈ N, and, in particular, for l = 4. Let Σκ be the matrix, which
appears after replacement 2κ + 1-th row in E4 by the row
(
1 0 −2 0) .
Then, in view of (102) with α = 1 and (103,
T−14,νC
(κ)(ν)T4,ν = (T
2κ+1
4,ν )
4−2κΣκ.
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Further we have
(−2)−κν−9+2×
((T
(2κ+1
4,ν )
4−2κT4,ν)
−1A∗κ∗1,0 (1, ν)T4,νT
(2κ+1
4,ν )
4−2κ =
(T
(2κ+1
4,ν )
2κ−4×
(T−14,νC
(κ)(ν − 1)T4,ν)×
T−14,νA
∗
1,0(1, ν)T4,ν×
(T−14,ν (C
(κ))−1T4,ν) =
ΣκT
−1
4,νA
∗
1,0(1, ν)T4,ν(Σκ)
−1.
According to the results of section 11.1 in [17],
lim
ν→∞
T−14,νA
∗
1,0(1, ν)T4,ν = A
∼ =


17 −24 0 0
−12 17 0 0
8 −12 1 0
−4 8 −4 1

 .
Further we have
Σ0A
∼(Σ0)
−1 =


1 0 −2 0
−12 17 0 0
8 −12 1 0
−4 8 −4 1




1 0 2 0
0 1 0 0
1 0 1 0
0 0 0 1

 =


1 0 0 0
−12 17 −24 0
8 −12 17 0
−4 8 −12 1

 = A(0),
Σ1A
∼(Σ1)
−1 =


17 −24 0 0
−12 17 0 0
1 0 −2 0
−4 8 −4 1




1 0 0 0
0 1 0 0
1
2
0 −1
2
0
0 0 0 1

 =


17 −24 0 0
−12 17 0 0
0 0 1 0
−6 8 2 1

 = A(1).
So, I can consider the equalities (183) as some test of previous calculations.
§6. Further properties of the functions considered in
the Introduction.
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Let α ≥ 1. Then the function tr(R(α, t, ν))2 (see (54)) is regular at t =∞
for r = 0, 1, 2, is regular at t = ∞ for r = 3, α ≥ 2 and has a pole of first
order at t = ∞ for r = 3, α = 1. So, in the case r = 0, 1, 2, α ≥ 1 we have
the equalities
Res(tr(R(α, t, ν))2, t =∞) = 0,(185)
lim
t→∞
tr(R(α, t, ν))2 = 0,(186)
and in the case r = 3, α = 1 we have the equalities
Res(t3(R(1, t, ν))2, t =∞) = −1,(187)
lim
t→∞
t3(R(1, t, ν))2 = 0.(188)
In view of (55),
δrf ∗α,0,2(z, ν) =
+∞∑
t=1
z−t
(ν + α)!2
ν!2
(−t)r(R(α, t, ν))2,(189)
where we consider r = 0, 1, 2, 3. Expanding (ν+α)!
2
(ν!)2
(−t)r(R(α, t, ν))2 into
partial fractions relatively t, we obtain
(ν + α)!2
(ν!)2
(−t)r(R(α, t; ν))2 =(190)
2∑
i=1
(
ν+α∑
k=0
β
(r)
α,0,i,k,ν(t + k)
−i
)
,
where ν ∈ N0, r = 0, 1, 2, 3, α ∈ N,
β
(r)
α,0,2−j,k,ν =
(ν + α)!2
(ν!)2
×(191)
1
j!
lim
t→−k
(
∂
∂t
)j
((−t)r(R(α, t, ν)(t+ k))2),
for j = 0, 1. In view of (185), (190) and (187),
ν+α∑
k=0
β
(r)
α,0,1,k,ν = 0,(192)
for r = 0, 1, 2 and α ∈ N.
ν+1∑
k=0
β
(3)
1,0,1,k,ν = −(ν + 1)2.(193)
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In view of (190),
− (ν + α)!
2
(ν!)2
∂
∂t
((−t)r(R(α, t; ν))2) =(194)
2∑
i=1
(
ν+α∑
k=0
β
(r)
α,0,i,k,νi(t+ k)
−i−1
)
,
where ν ∈ N0, r = 0, 1, 2, 3. Let
Si,k(α, ν) = −
(
ν+k∑
κ=k+1
1/κi
)
−(195)
(
ν+α−k∑
κ=1
1/κi
)
+
k∑
κ=1
1/κi,
where ν ∈ N0, i ∈ N, k ∈ [0, ν + α ∩ Z. In particular,
S1,0(0, 0) = 0, S1,0(0, 1) = −2, S1,1(0, 1) = 1
2
,(196)
S1,0(1, 0) = −1, S1,1(1, 0) = 1,(197)
S1,0(1, 1) = −5
2
, S1,1(1, 1) = −1
2
, S1,2(1, 1) =
7
6
,(198)
S1,0(1, 2) = −(1 + 1/2)− (1 + 1/2 + 1/3) = −10
3
(199)
S1,1(1, 2) = −(1/2 + 1/3)− (1 + 1/2) + 1 = −4
3
(200)
S1,2(1, 2) = −(1/3 + 1/4)− 1 + (1 + 1/2) = − 1
12
(201)
S1,3(1, 2) = −(1/4 + 1/5) + (1 + 1/2 + 1/3) = 83
60
(202)
In view of (191), (54) and (195)
β
(0)
α,0,2,k,ν =(203) (
(ν + α)!
ν!
× (ν + k)!
k!
× 1
(ν + α− k)!
)2
=
(
ν + α
k
)2(
ν + k
k
)2
,
L.A.Gutnik, On the number ζ(3). 27
β
(0)
α,0,1,k,ν = 2β
(0)
α,0,2,k,νS1,k(α, ν),(204)
where ν ∈ N0, i ∈ N, k ∈ [0, ν + α ∩ Z. In particular,
β
(0)
0,0,2,0,0 = β
(0)
0,0,2,0,1 = 1, β
(0)
0,0,2,1,1 = 4,(205)
β
(0)
1,0,2,0,0 = β
(0)
1,0,2,1,0 = 1,(206)
β
(0)
1,0,2,0,1 = 1, β
(0)
1,0,2,1,1 = 16, β
(0)
1,0,2,2,1 = 9,(207)
β
(0)
1,0,2,0,2 = 1, β
(0)
1,0,2,1,2 = 81,(208)
β
(0)
1,0,2,2,2 = 324, β
(0)
1,0,2,3,2 = 100.(209)
In view of (204), (205) – (209) and (196) – (202),
β
(0)
0,0,1,0,0 = 2β
(0)
0,0,2,0,0S1,0(0, 0) = 0,(210)
β
(0)
0,0,1,0,1 = 2β
(0)
0,0,2,0,1S1,0(0, 1) = 2× 1× (−2) = −4,(211)
β
(0)
0,0,1,1,1 = 2β
(0)
0,0,2,1,1S1,1(0, 1) = 2× 4×
1
2
= 4,(212)
β
(0)
1,0,1,0,0 = 2β
(0)
1,0,2,0,0S1,0(1, 0) = 2× 1× (−1) = −2,(213)
β
(0)
1,0,1,1,0 = 2β
(0)
1,0,2,1,0S1,1(1, 0) = 2× 1× 1 = 2,(214)
β
(0)
1,0,1,0,1 = 2β
(0)
1,0,2,0,1S1,0(1, 1) = 2× 1×
−5
2
= −5,(215)
β
(0)
1,0,1,1,1 = 2β
(0)
1,0,2,1,1S1,1(1, 1) = 2× 16×
−1
2
= −16,(216)
β
(0)
1,0,1,2,1 = 2β
(0)
1,0,2,2,1S1,2(1, 1) = 2× 9×
7
6
= 21,(217)
β
(0)
1,0,1,0,2 = 2β
(0)
1,0,2,0,2S1,0(1, 2) = 2× 1×
−10
3
=
−20
3
,(218)
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β
(0)
1,0,1,1,2 = 2β
(0)
1,0,2,1,2S1,1(1, 2) = 2× 81×
−4
3
= −216,(219)
β
(0)
1,0,1,2,2 = 2β
(0)
1,0,2,2,2S1,2(1, 2) = 2× 324×
−1
12
= −54,(220)
β
(0)
1,0,1,3,2 = 2β
(0)
1,0,2,3,2S1,3(1, 2) = 2× 100×
83
60
=
830
3
.(221)
We put in (190) r = 0, and multiply both sides of obtained equality by (−t)r
for r = 0, 1, 2, 3. Then we see that
− t(ν + α)!
2
(ν!)2
(R(α, t; ν))2 =(222)
2∑
i=1
(
ν+α∑
k=0
β
(0)
α,0,i,k,ν(−t− k + k)
(t+ k)i
)
=
(
ν+α∑
k=0
kβ
(0)
α,0,2,k,ν
(t+ k)2
)
+
(
ν+α∑
k=0
kβ
(0)
α,0,1,k,ν − β(0)α,0,2,k,ν
t + k
)
−
ν+α∑
k=0
β
(0)
α,0,1,k,ν,
(−t)2 (ν + α)!
2
(ν!)2
(R(α, t; ν))2 =(223)
2∑
i=1
(
ν+α∑
k=0
β
(0)
α,0,i,k,ν(t+ k − k)2
(t + k)i
)
=
(
ν+α∑
k=0
k2β
(0)
α,0,2,k,ν
(t+ k)2
)
+
(
ν+α∑
k=0
k2β
(0)
α,0,1,k,ν − 2kβ(0)α,0,2,k,ν
t + k
)
+
ν+α∑
k=0
(β
(0)
α,0,2,k,ν + (t− k)β(0)α,0,1,k,ν),
(−t)3 (ν + α)!
2
(ν!)2
(R(α, t; ν))2 =(224)
2∑
i=1
(
ν+α∑
k=0
β
(0)
α,0,i,k,ν(−t− k + k)3
(t + k)i
)
=
(
ν+α∑
k=0
k3β
(0)
α,0,2,k,ν
(t + k)2
)
+
(
ν+α∑
k=0
k3β
(0)
α,0,1,k,ν − 3k2β(0)α,0,2,k,ν
t + k
)
−
(
ν+α∑
k=0
(t− 2k)(β(0)α,0,2,k,ν
)
−
ν+α∑
k=0
(t2 − kt + k2)β(0)α,0,1,k,ν.
The equality (192) with r = 0 again follows from (186) with r = 1 and (222);
moreover, in view of (190) with r = 1, and (222),
β
(1)
α,0,2,k,ν = kβ
(0)
α,0,2,k,ν,(225)
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β
(1)
α,0,1,k,ν = kβ
(0)
α,0,1,k,ν − β(0)α,0,2,k,ν(226)
for k = 0, ..., ν+α, α ∈ N. The equality (192) with r = 1 again follows from
(186) with r = 2, (192) with r = 0, (223) and (226); moreover, in view of
(190) with r = 2, and (223),
β
(2)
α,0,2,k,ν = k
2β
(0)
α,0,2,k,ν,(227)
β
(2)
α,0,1,k,ν = k
2β
(0)
α,0,1,k,ν − 2kβ(0)α,0,2,k,ν(228)
for α ∈ N and k = 0, ..., ν + α. The equality (192) with r = 2 again fol-
lows from (188), (192) with both r ∈ {0, 1}, (224), (226) and from (228);
moreover, in view of (190) with r = 3, and (224),
β
(3)
α,0,2,k,ν = k
3β
(0)
α,0,2,k,ν,(229)
β
(3)
α,0,1,k,ν = k
3β
(0)
α,0,1,k,ν − 3k2β(0)α,0,2,k,ν(230)
for α ∈ N and k = 0, ..., ν + α. In view of (55) – (57),
(δr)f ∗α,0,3(z, ν) = (log(z))(δ)
r)f ∗α,0,2(z, ν) +(231)
r(δ)r−1f ∗α,0,2(z, ν) + (δ)
rf ∗α,0,4(z, ν) = (log(z))(δ)
r)f ∗α,0,2(z, ν)+
+∞∑
t=1
z−t
(ν + α)!2
ν!2
(
r(−t)r−1 − (−t)r ∂
∂t
)
R2(α, t, ν) =
(log(z))(δ)r)f ∗α,0,2(z, ν)−
+∞∑
t=1
z−t
(ν + α)!2
ν!2
∂
∂t
((−t)rR2)(α, t, ν).
In view of (190), (194), (189) (231),
δrf ∗α,0,2+j(z, ν)− j(log(z))δrf ∗α,0,2(z, ν) =(232)
2∑
i=1
(
∞∑
t=1
(
ν+α∑
k=0
(1− j + ij)β(r)α,0,i,k,νzkz−t−k(t+ k)−i−j
))
=
2∑
i=1
(
ν+α∑
k=0
(1− j + ij)β(r)α,0,i,k,νzk
(
∞∑
t=1
z−t−k(t+ k)−i−j
))
=
2∑
i=1
(
ν∑
k=0
(1− j + ij)β(r)α,0,i,k,νzk
(
Li+1(1/z)−
k∑
τ=1
z−τ i(τ)−i−j
))
=
(
2∑
i=1
(1− j + ij)β∗(r)α,0,i(z; ν)Li+j(1/z)
)
− β(r)α,0,3+j(z; ν),
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where j = 0, 1, r = 0, 1, 2, 3, |z| > 1, α ∈ N,
Ls(1/z) =
∞∑
n=1
1/(znns), β
∗(r)
α,0,i(z; ν) =
ν+α∑
k=0
β
(r)
α,0,i,k,νz
k,(233)
for s ∈ Z, i ∈ {1, 2}, ν ∈ N0,
β
∗(r)
α,0,3+j(z; ν) =(234)
2∑
i=1
(
ν+α∑
k=0
(1− j + ij)β(r)α,0,i,k,ν
(
k∑
τ=1
zk−τ (τ)−i−j
))
=
ν+α−1∑
σ=0
zσ
ν+α−σ∑
τ=1
2∑
i=1
(1− j + ij)β(r)α,0,i,σ+τ,ν(τ)−i−j.
In view of (192) and (233), if r = 0, 1, 2, α ∈ N. then
β
∗(r)
α,0,1(z; ν) = (z − 1)β∗∨(r)α,0,1 (z; ν),(235)
where β
∗∨(r)
α,0,1 (z; ν) ∈ Q[z], when ν ∈ N0. In view of (193) and (233),
β
∗(3)
1,0,1(z; ν) = −(ν + 1)2 + (z − 1)β∗∨(3)1,0,1 (z; ν),(236)
where β
∗∨(3)
1,0,1 (z; ν) ∈ Q[z], when ν ∈ N0. In view of (225) – (230), (233),
β
∗(1)
α,0,2(z; ν) = δβ
∗(0)
α,0,2(z; ν),(237)
β
∗(1)
α,0,1(z; ν) = δβ
∗(0)
α,0,1(z; ν)− β∗(0)α,0,2(z; ν),(238)
β
∗(2)
α,0,2(z; ν) = δ
2β
∗(0)
α,0,2(z; ν),(239)
β
∗(2)
α,0,1(z; ν) = δ
2β
∗(0)
α,0,1(z; ν)− 2δβ∗(0)α,0,2(z; ν),(240)
β
∗(3)
α,0,2(z; ν) = δ
3β
∗(0)
α,0,2(z; ν),(241)
β
∗(3)
α,0,1(z; ν) = δ
3β
∗(0)
α,0,1(z; ν)− 3δ2β∗(0)α,0,2(z; ν),(242)
where α ∈ N. Clearly,
(−δ)kLn(1/z) = Ln−k(1/z),(243)
where k ∈ [0,+∞) ∩ Z, n ∈ Z, |z| > 1,
L1(1/z) = − log(1− 1/z), −δL1(1/z) =(244)
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L0(1/z) =
1
z − 1 , δ
2L1(1/z) =
L−1(1/z) =
1
z − 1 +
1
(z − 1)2 , −δ
3L1(1/z) =
L−2(1/z) =
1
z − 1 +
3
(z − 1)2 +
2
(z − 1)3 .
We apply the operator δ to the equality (232) for r = 0, 1, 2, α ∈ N. Then,
in view of (243), we obtain the eqvality
δr+1f ∗α,0,2+j(z, ν)− j(log(z))δr+1f ∗α,0,2(z, ν) =(245)
jδrf ∗α,0,2(z, ν)+(
2∑
i=1
((1− j + ij)δβ∗(r)α,0,i(z; ν))Li+j(1/z)
)
− δβ(r)α,0,3+j(z; ν)−
(
2∑
i=1
(1− j + ij)β∗(r)α,0,i(z; ν)Li+j−1(1/z)
)
=
j
((
2∑
i=1
β
∗(r)
α,0,i(z; ν)Li(1/z)
)
− β(r)α,0,3(z; ν)
)
+
(
2∑
i=1
((1− j + ij)δβ∗(r)α,0,i(z; ν))Li+j(1/z)
)
− δβ(r)α,0,3+j(z; ν)−
(
2∑
i=1
(1− j + ij)β∗(r)α,0,i(z; ν)Li+j−1(1/z)
)
.
It follws from (245) with j = 0 that
δr+1f ∗α,0,2(z, ν) =(246)(
2∑
i=1
(δβ
∗(r)
α,0,i(z; ν))Li(1/z)− β∗(r)α,0,i(z; ν)Li−1(1/z)
)
− δβ(r)α,0,3(z; ν) =
(δβ
∗(r)
α,0,2(z; ν))L2(1/z) + (δβ
∗(r)
α,0,1(z; ν)− β∗(r)α,0,2(z; ν))L1(1/z)−
δβ
∗(r)
α,0,3(z; ν)− β∗(r)α,0,1(z; ν)L0(1/z).
In view of (232) with j = 0, (246), (235),
β
∗(r)
α,0,2(z; ν) = δβ
∗(r−1)
α,0,2 (z; ν)) = δ
rβ
∗(0)
α,0,2(z; ν),(247)
β
∗(r)
α,0,1(z; ν)) = δβ
∗(r−1)
α,0,1 (z; ν)− β∗(r−1)α,0,2 (z; ν) =(248)
δrβ
∗(0)
α,0,1(z; ν)− rδr−1β∗(0)α,0,2(z; ν),
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β
∗(r)
α,0,3(z; ν) = δβ
∗(r−1)
α,0,3 (z; ν) + β
∗(r−1)
α,0,1 (z; ν))L0(1/z) =(249)
δβ
∗(r−1)
α,0,3 (z; ν) + β
∗∨(r−1)
α,0,1 (z; ν),
where r = 1, 2, 3, and α ∈ N. The equalities (237) – (242) follow from the
equalities (247) and (248) again. In view of (203), (233), (53) and (247)
β
∗(r)
α,0,2(z; ν) = δ
rf ∗α,0,1(z; ν) ∈ N[z],(250)
where α ∈ N, ν ∈ N0, r = 0, 1, 2, 3. It follws from (245) with j = 1 that
δr+1f ∗α,0,3(z, ν) = (log(z))δ
r+1f ∗α,0,2(z, ν) +(251) ((
2∑
i=1
β
∗(r)
α,0,i(z; ν)Li(1/z)
)
− β(r)α,0,3(z; ν)
)
+
(
2∑
i=1
i(δβ
∗(r)
α,0,i(z; ν))Li+1(1/z)
)
− δβ(r)α,0,4(z; ν)−
(
2∑
i=1
iβ
∗(r)
α,0,i(z; ν)Li(1/z)
)
= (log(z))δr+1f ∗α,0,2(z, ν)+
(
2∑
i=1
i(δβ
∗(r)
α,0,i(z; ν))Li+1(1/z)
)
− δβ(r)α,0,4(z; ν)−
β
∗(r)
α,0,2(z; ν)L2(1/z)− (β(r)α,0,3(z; ν) + δβ(r)α,0,4(z; ν)) =
(log(z))δr+1f ∗α,0,2(z, ν) + 2(δβ
∗(r)
α,0,2(z; ν))L3(1/z)+
(δβ
∗(r)
α,0,1(z; ν)− β∗(r)α,0,2(z; ν))L2(1/z)− (δβ(r)α,0,4(z; ν) + β∗(r)α,0,3(z; ν)).
In view of (232) with j = 1, (251),
β
∗(r+1)
α,0,2 (z; ν) = δβ
∗(r)
α,0,2(z; ν) = δ
r+1β
∗(0)
α,0,2(z; ν),(252)
β
∗(r+1)
α,0,1 (z; ν) = δβ
∗(r)
α,0,2(z; ν)− β∗(r)α,0,2(z; ν) =(253)
δr+1β
(0)
α,0,1(z; ν)− δrβ(0)α,0,2(z; ν),
where r = 0, 1, 2, and we obtain (247) – (247) again. Moreover,
β
∗(r+1)
α,0,4 (z; ν) = δβ
∗(r)
α,0,4(z; ν) + β
∗(r)
α,0,3(z; ν),(254)
where r = 0, 1, 2. If we take now z ∈ (1,+∞) and will tend z to 1, then, in
view of (232), (235), (236) and (244)
δrf ∗α,0,2+j(1, ν) = lim
z→1+0
δrf ∗α,0,2(z, ν) =(255)
(1− i+ ijβ∗(r)α,0,2(1; ν)ζ(2 + j)− β∗(r)α,0,3+j(1; ν),
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where r = 0, 1, 2, j = 0, 1,
lim
z→1+0
(z − 1)δ3f ∗α,0,2(z, ν) = 0,(256)
if α ∈ N. In view of (233), (234), (205) – (217),
β
∗(0)
0,0,1(z; 0) = β
(0)
0,0,1,0,0 = 0,(257)
β
∗(0)
0,0,2(z; 0) = β
(0)
0,0,2,0,0 = 1,(258)
β
∗(0)
0,0,3(z; 0) = β
∗(0)
0,0,4(z; 0) = 0,(259)
β
∗(0)
0,0,1(z; 1) = β
(0)
0,0,1,0,1 + β
(0)
0,0,1,1,1z = −4 + 4z,(260)
β
∗(0)
0,0,2(z; 1) = β
(0)
0,0,2,0,1 + β
(0)
0,0,2,1,1z = 1 + 4z,(261)
β
∗(0)
0,0,3(z; 1) = β
(0)
0,0,1,1,1 + β
(0)
0,0,2,1,1 = 8,(262)
β
∗(0)
0,0,4(z; 1) = β
(0)
0,0,1,1,1 + 2β
(0)
0,0,2,1,1 = 12,(263)
β
∗(0)
1,0,1(z; 0) = β
(0)
1,0,1,0,0 + β
(0)
1,0,1,1,0z = −2 + 2z,(264)
β
∗(0)
1,0,2(z; 0) = β
(0)
1,0,2,0,0 + β
(0)
1,0,2,1,0z = 1 + z,(265)
β
∗(0)
1,0,3(z; 0) = β
(0)
1,0,1,1,0 + β
(0)
1,0,2,1,0 = 3,(266)
β
∗(0)
1,0,4(z; 0) = β
(0)
1,0,1,1,0 + 2β
(0)
1,0,2,1,0 = 4,(267)
β
∗(0)
1,0,1(z; 1) = β
(0)
1,0,1,0,1 + β
(0)
1,0,1,1,1z +(268)
β
(0)
1,0,1,2,1z
2 = −5− 16z + 21z2 = (z − 1)(21z + 5),
β
∗(0)
1,0,2(z; 1) = β
(0)
1,0,2,0,1 + β
(0)
1,0,2,1,1z +(269)
β
(0)
1,0,2,2,1z
2 = 1 + 16z + 9z2,
β
∗(0)
1,0,3(z; 1) = β
(0)
1,0,1,1,1 + β
(0)
1,0,2,1,1 +(270)
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1
2
β
(0)
1,0,1,2,1 +
1
4
β
(0)
1,0,2,2,1 + (β
(0)
1,0,1,2,1 + β
(0)
1,0,2,2,1)z =
−16 + 16 + 1
2
× 21 + 1
4
× 9 + (21 + 9)z = 51
4
+ 30z,
β
∗(0)
1,0,4(z; 1) = β
(0)
1,0,1,1,1 + 2β
(0)
1,0,2,1,1 +(271)
1
4
β
(0)
1,0,1,2,1 + 2×
1
8
β
(0)
1,0,2,2,1 + (β
(0)
1,0,1,2,1 + 2β
(0)
1,0,2,2,1)z =
−16 + 2× 16 + 1
4
× 21 + 1
4
× 9 + (21 + 18)z = 47
2
+ 39z.
β
∗(0)
1,0,1(z; 2) = β
(0)
1,0,1,0,2 + β
(0)
1,0,1,1,2z +(272)
β
(0)
1,0,1,2,2z
2 + β
(0)
1,0,1,3,2z
3 =
−20
3
− 216z − 54z2 + 830
3
z3 = (z − 1)(830z2 + 668z + 20)/3.
β
∗(0)
1,0,2(z; 2) = β
(0)
1,0,2,0,2 + β
(0)
1,0,2,1,2z + β
(0)
1,0,2,2,2z
2 +(273)
β
(0)
1,0,2,3,2z
3 = 1 + 81z + 324z2 + 100z3.
β
∗(0)
1,0,3(z; 2) = β
(0)
1,0,1,1,2 + β
(0)
1,0,2,1,2 +(274)
1
2
β
(0)
1,0,1,2,2 +
1
4
β
(0)
1,0,2,2,2 +
1
3
β
(0)
1,0,1,3,2 +
1
9
β
(0)
1,0,2,3,2+
(β
(0)
1,0,1,2,2 + β
(0)
1,0,2,2,2)z +
(
1
2
β
(0)
1,0,1,3,2 +
1
4
β
(0)
1,0,2,3,2
)
z+
(β
(0)
1,0,1,3,2 + β
(0)
1,0,2,3,2)z
2 =
−216+81−54/2+324/4+(830+100)/9+((−54+324−54+415/3+100/4)z+
(830/3 + 100)z2 =
67
3
+
1300
3
z +
1130
3
z2.
β
∗(0)
1,0,4(z; 2) = β
(0)
1,0,1,1,2 + 2β
(0)
1,0,2,1,2 +(275)
1
4
β
(0)
1,0,1,2,2 + 2×
1
8
β
(0)
1,0,2,2,2+
1
9
β
(0)
1,0,1,3,2 + 2×
1
27
β
(0)
1,0,2,3,2+
(β
(0)
1,0,1,2,2 + 2β
(0)
1,0,2,2,2)z +
(
1
4
β
(0)
1,0,1,3,2 + 2×
1
8
β
(0)
1,0,2,3,2
)
z+
(β
(0)
1,0,1,3,2 + 2β
(0)
1,0,2,3,2)z
2 =
−216+162+(−54+324)/4+(830+200)/27+((−57+648+(830/3+100)/4)z+
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(830/3 + 200)z2 =
2789
54
+
4129
6
z +
1430
3
z2.
In view of (247) – (249), (254) and (264) – (275),
β
∗(1)
1,0,1(z; 0) = δβ
∗(0)
1,0,1(z; 0)− β∗(0)1,0,2(z; 0) =(276)
2z − 1− z = z − 1,
β
∗(1)
1,0,2(z; 0) = δβ
∗(0)
1,0,2(z; 0) = z,(277)
β
∗(1)
1,0,3(z; 0) = δβ
∗(0)
1,0,3(z; 0) + β
∗∨(0)
1,0,1 (z; 0) = 2(278)
β
∗(1)
1,0,4(z; 0) = δβ
∗(0)
1,0,4(z; 0) + β
∗(0)
1,0,3(z; 0) = 3,(279)
β
∗(1)
1,0,1(z; 1) = δβ
∗(0)
1,0,1(z; 1)− β∗(0)1,0,2(z; 1) = −16z +(280)
42z2 − (1 + 16z + 9z2) = −1 − 32z + 33z2 = (z − 1)(33z + 1),
β
∗(1)
1,0,2(z; 1) = δβ
∗(0)
1,0,2(z; 1) = 16z + 18z
2,(281)
β
∗(1)
1,0,3(z; 1) = δβ
∗(0)
1,0,3(z; 1) + β
∗∨(0)
1,0,1 (z; 1) =(282)
30z + 21z + 5 = 51z + 5,
β
∗(1)
1,0,4(z; 1) = δβ
∗(0)
1,0,4(z; 1) + β
∗(0)
1,0,3(z; 1) =(283)
39z +
51
4
+ 30z = 69z +
51
4
,
β
∗(1)
1,0,1(z; 2) = δβ
∗(0)
1,0,1(z; 2)− β∗(0)1,0,2(z; 2) =(284)
−216z − 108z2 + 830z3 − (1 + 81z + 324z2 + 100z3) =
−1− 297z − 432z2 + 730z3 = (z − 1)(730z2 + 298z + 1),
β
∗(1)
1,0,2(z; 2) = δβ
∗(0)
1,0,2(z; 2) = 81z + 648z
2 + 300z3,(285)
β
∗(1)
1,0,3(z; 2) = δβ
∗(0)
1,0,3(z; 2) + β
∗∨(0)
1,0,1 (z; 2) =(286)
1300
3
z +
2260
3
z2 +
830
3
z2 +
668
3
z +
20
3
=
1030z2 + 656z +
20
3
,
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β
∗(1)
1,0,4(z; 2) = δβ
∗(0)
1,0,4(z; 2) + β
∗(0)
1,0,3(z; 2) =(287)
4129
6
z +
2860
3
z2 +
67
3
+
1300
3
z +
1130
3
z2 =
67
3
+
6729
6
z + 1330z2,
In view of (247) – (249), (254) and (276) – (287),
β
∗(2)
1,0,1(z; 0) = δβ
∗(1)
1,0,1(z; 0)− β∗(1)1,0,2(z; 0) = z − z = 0,(288)
β
∗(2)
1,0,2(z; 0) = δβ
∗(1)
1,0,2(z; 0) = z,(289)
β
∗(2)
1,0,3(z; 0) = δβ
∗(1)
1,0,3(z; 0) + β
∗∨(1)
1,0,1 (z; 0) = 1,(290)
β
∗(2)
1,0,4(z; 0) = δβ
∗(1)
1,0,4(z; 0) + β
∗(1)
1,0,3(z; 0) = 2(291)
β
∗(2)
1,0,1(z; 1) = δβ
∗(1)
1,0,1(z; 1)− β∗(1)1,0,2(z; 1) =(292)
−32z + 66z2 − (16z + 18z2) = −48z + 48z2 = 48z(z − 1).
β
∗(2)
1,0,2(z; 1) = δβ
∗(1)
1,0,2(z; 1) = 16z + 36z
2,(293)
β
∗(2)
1,0,3(z; 1) = δβ
∗(1)
1,0,3(z; 1) + β
∗∨(1)
1,0,1 (z; 1) =(294)
51z + 33z + 1 = 84z + 1,
β
∗(2)
1,0,4(z; 1) = δβ
∗(1)
1,0,4(z; 1) + β
∗(1)
1,0,3(z; 1) =(295)
69z + 51z + 5 = 120z + 5,
β
∗(2)
1,0,1(z; 2) = δβ
∗(1)
1,0,1(z; 2)− β∗(1)1,0,2(z; 2) =(296)
−297z − 864z2 + 2190z3 − (81z + 648z2 + 300z3) =
z(−378− 1512z + 1890z2) = 378(z − 1)z(5z + 1),
β
∗(2)
1,0,2(z; 2) = δβ
∗(1)
1,0,2(z; 2) = 81z + 1296z
2 + 900z3,(297)
β
∗(0)
1,0,3(z; 2) = δβ
∗(1)
1,0,3(z; 2) + β
∗∨(1)
1,0,1 (z; 2)(298)
2060z2 + 656z + 730z2 + 298z + 1 = 2790z2 + 954z + 1,
β
∗(2)
1,0,4(z; 2) = δβ
∗(1)
1,0,4(z; 2) + β
∗(1)
1,0,3(z; 2) =(299)
6729
6
z + 2660z2 + 1030z2 + 656z +
20
3
= 3690z2 +
3555
2
z +
20
3
,
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§7. End of the proof of theorem A.
Let y
(κ)
1,0,i,k(z; ν) denotes i−th element of the column Y (κ)1,0,,k(z; ν) in (109).
Then, in view of (95), (103), (109),
y
(κ)
1,0,i+1,k(z, ν) = δ
if
(κ)
α,0,k(z, ν)(300)
for κ = 0, 1, i = 1, 2, 3, k = 1, 2, 3, |z| > 1, ν ∈ N0. We denote v∗κ∗1,0,i,j(ν)
the expression, which stands in the matrix V ∗κ∗1,0 (ν) in intersection of i-th row
and j-th column, where i = 1, 2, 3, 4, j = 1, 2, 3, 4. Let
Dα,0(z, ν, w) = z(w
2 + w(1− α)− µα)2 − w4,(301)
In view of (100)
1
z
Dα,0(z, ν, w) = (1− 1/z)w4 +
3∑
k=0
rα,0,k+1(ν)w
k,(302)
It follows from general properties of Mejer’s functions that
Dα,0(z, ν, δ)fα,0,k(z, ν) = 0,(303)
where |z| > 1,−3π/2 < arg(z) ≤ π/2, log(z) = ln(|z|) + i arg(z), k = 1, 2, 3.
Therefore, in view of (95), (103), (109),
y
(κ)
2κ+1,0,k(z, ν) = −(1− 1/z)δ4fα,0,k(z, ν)(304)
where
κ = 0, 1, , |z| > 1,−3π/2 < arg(z) ≤ π/2,
log(z) = ln(|z|) + i arg(z), k = 1, 2, 3.
In view of (53) – (57), (231),
lim
z→1+0
(z − 1)δ4f1,0,2(z, ν) =(305)
lim
z→1+0
(z − 1)
(
O(1) ln
(
1− 1
z
)
+
1
z − 1
)
= 1,
lim
z→1+0
(z − 1)δ4f1,0,k(z, ν) = 0,(306)
if k − 2 = ±1,
lim
z→1+0
(log(z))δif1,0,k(z, ν) = lim
z→1+0
(z − 1)δif1,0,k(z, ν) = 0,
(307)
if i = 0, 1, 2, 3, k = 1, 2, 3. Hence, if we tend z ∈ (1,+∞) to 1, then, in view
of (95), (103), we obtain the equalities
y
(κ)
1,0,2κ+1,1(1, ν) = y1,0,2κ+1,3(1, ν) = 0, y1,0,2κ+1,2(1, ν) = −1.
(308)
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In view of (111), (119) – (171), (300), (304),
− a∗κ∗1,0,i,2κ+1(1; ν)(1− 1/z)δ4f1,0,k(z, ν) +(309) (
2∑
j=1
a∗κ∗1,0,i,j+1−κ(1; ν)δ
j−κf1,0,k(z, ν)
)
−
(z − 1)v∗κ∗1,0,i,1(ν)(1− 1/z)δ4f1,0,k(z, ν)+
(z − 1)
2∑
j=1
v∗∗1,0,i+1,j+1−κ(ν)δ
j−κf1,0,k(z, ν) =
(−2)κµ1(ν)2−κν5δi−1fα,0,k(z, ν − 1),
where i = 3 − 2κ, 2, k = 1, 2, 3, |z| > 1, −3π/2 < arg(z) ≤ π/2 and ν run
over the set M∗1 = ((−∞,−2]∪ [1,+∞))∩Z. We tend z ∈ (1,+∞) to 1 now
and obtain the equalities
a∗κ∗1,0,i,1(1; ν)(k − 1)(k − 3) +(310) (
2∑
j=1
a∗κ∗1,0,i,j+1−κ(1; ν)(δ
j−κf1,0,k)(1, ν)
)
=
(−2)κµ1(ν)2−κν5δi−1if1,0,k(1, ν − 1),
where i = 2− κ, 3− κ, k = 1, 2, 3 and ν ∈M∗1 = ((−∞,−2]∪ [1,+∞))∩Z.
Replacing in (310) ν ∈M∗1 by
ν := −ν − 2 ∈M∗∗1 = ((−∞,−3] ∪ [0,+∞)) ∩ Z,
and taking in account the equality (110) we obtain the equalities
a∗κ∗1,0,i,1(1;−ν − 2)(k − 1)(k − 3) +(311) (
2∑
j=1
a∗κ∗1,0,i,j+1−κ(1;−ν − 2)(δj−κf1,0,k)(1, ν)
)
=
(−2)κµ1(ν)2−κν5δi−1f1,0,k(1, ν + 1),
where i = 2−κ, 3−κ, k = 1, 2, 3 and ν ∈M∗∗1 = ((−∞,−3]∪ [0,+∞))∩Z.
Let
~w
(κ)
i,j (ν) =

a∗∗1,0,i+1−κ,j+1−κ(1;−ν − 2)(1 + (−1)i+j)/2
a∗∗1,0,i+1−κ,j+1−κ(1; ν)

 ,(312)
W
(κ)
i (ν) =
(
~wi,1(ν) ~wi,2(ν)
)
,(313)
Y ∗κ∗∗k (ν) =
(
(δ1−κf1,0,k)(1, ν)
(δ2−κf1,0,k)(1, ν)
)
,
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Y ∗κ∗∗∗i,k (ν) =

−(−2)κµ1(ν)2−κ(ν + 2)5δi−κf1,0,k(1, ν + 1)(δi−κf1,0,k)(1, ν)
(−2)κµ1(ν)2−κν5δi−κfα,0,k(1, ν − 1)

 ,
(314)
where κ = 0, 1, k = 1, 3, i = 1, 2, ν ∈ M∗∗∗∗1 = ((−∞,−3] ∪ [1,+∞)) ∩ Z.
Let further
~w
(κ)
i,3 (ν) =

w
(κ)
i,3,1(ν)
w
(κ)
i,3,2(ν)
w
(κ)
i,3,3(ν)

 = [~w(κ)i,1 (ν), ~w(κ)i,2 (ν)](315)
is vector product of ~w
(κ)
i,1 (ν) and ~w
(κ)
i,2 (ν), and let w¯
(κ)
3,i (ν) = (~w
(κ)
3,i (ν))
t is row
conyugte to the column ~w(κ)3,i(ν). Then for scalar products (~w
(κ)
i,3 (ν), ~w
(κ)
i,j (ν))
we have the equalities
w¯
(κ)
i,3 (ν)~w
κ
i,j(ν) = (~w
(κ)
i,3 (ν), ~w
(κ)
i,j (ν)) = 0,
where κ = 0, 1, i = 1, 2, j = 1, 2 and
ν ∈M∗∗∗∗1 = ((−∞,−3] ∪ [1,+∞)) ∩ Z.
Therefore
w¯
(κ)
i,3 (ν)W
(κ)
i (ν) =
(
0 0
)
,(316)
where κ = 0, 1, i = 1, 2 and ν ∈M∗∗∗∗1 = ((−∞,−3] ∪ [1,+∞)) ∩ Z.
In view of (310) (311) and (316),
w¯(κ)i,3(ν)Y
∗κ∗∗∗
i,k (ν) = w¯(κ)i,3(ν)W (κ)i(ν)Y
∗κ∗∗
k (ν) = 0,(317)
where κ = 0, 1, i = 1, 2, k = 1, 3 and ν ∈M∗∗∗∗1 = ((−∞,−3]∪[1,+∞))∩Z.
In view of (315) – (313), (118), and (119) – (171)
w(0)1,3,1(ν) = a
∗0∗
1,0,2,3(1; ν) = −3τ 4(τ − 1)(2τ − 1)3,(318)
w(1)1,3,1(ν) = a
∗1∗
1,0,1,2(1; ν) =(319)
8τ 3(2τ − 1)(τ 3 − (τ − 1)3),
w
(0)
2,3,1,(ν) = −a∗0∗1,0,3,2(1; ν) =(320)
2τ 5(τ − 1)2(2τ − 1)(τ 3 − (τ − 1)3),
w(1)2,3,1(ν) = −a∗1∗1,0,2,1(1; ν) = a∗0∗1,0,2,3(1; ν) =(321)
−3τ 4(τ − 1)(2τ − 1)3 = w(0)1,3,1(ν).
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Since τα(−ν − 1− α) = −τα(ν), it follows from (318) – (321) that
w
(0)
1,3,3(ν) = −a∗0∗1,0,2,3(1;−ν − 2) = 3τ 4(τ + 1)(2τ + 1)3,(322)
w
(0)
1,3,3(ν) = −a∗1∗1,0,1,2(1;−ν − 2) =(323)
−8τ 3(2τ + 1)((τ + 1)3 − τ 3),
w
(0)
2,3,3(ν) = a
∗0∗
1,0,3,2(1;−ν − 2) =(324)
−2τ 5(τ + 1)2(2τ + 1)((τ + 1)3 − τ 3),
w(1)2,3,3(ν) = a
∗1∗
1,0,2,1(1;−ν − 2) = −a∗0∗1,0,2,3(1;−ν − 2) =
(325)
3τ 4(τ + 1)(2τ + 1)3 = w(0)1,3,3(ν).
Further we have
w
(0)
1,3,2(ν) =(326)
− det
(
a
∗(0)∗
1,0,2,2(1;−ν − 2) a∗(0)∗1,0,2,3(1;−ν − 2)
a∗0∗1,0,2,2(1; ν) a
∗0∗
1,0,2,3(1; ν)
)
=
a∗∗1,0,2,2(1; ν)a
∗∗
1,0,2,3(1;−ν − 2)− a∗∗1,0,2,3(1; ν)a∗∗1,0,2,2(1;−ν − 2) =
τ 5(τ − 1)(τ 3 + 2(2τ − 1)3)(−3τ 4(τ + 1)(2τ + 1)3)−
(−3τ 4(τ − 1)(2τ − 1)3)(−τ 5(τ + 1)(τ 3 + 2(2τ + 1)3)) =
−3τ 9(τ 2 − 1)(τ 3((2τ − 1)3 + (2τ + 1)3) + 4(4τ 2 − 1)3) =
−12τ 9(τ 2 − 1)(68τ 6 − 45τ 4 + 12τ 2 − 1),
w
(0)
3,2,2(ν) =(327)
− det
(
a∗∗1,0,3,2(1;−ν − 2) a∗∗1,0,3,3(1;−ν − 2)
a∗∗1,0,3,2(1; ν) a
∗∗
1,0,3,3(1; ν)
)
=
a∗∗1,0,3,2(1; ν)a
∗∗
1,0,3,3(1;−ν − 2)− a∗∗1,0,3,3(1; ν)a∗∗1,0,3,2(1;−ν − 2) =
−2τ 5(τ − 1)2(2τ − 1)(τ 3 − (τ − 1)3)×
(−τ 4(τ + 1)2((τ + 1)3 + 2(2τ + 1)3)−
(−2τ 5(τ + 1)2(2τ + 1)((τ + 1)3 − τ 3))×
(τ 4(τ − 1)2((τ − 1)3 + 2(2τ − 1)3) =
4τ 9(τ 2 − 1)2(102τ 6 − 68τ 4 + 21τ 2 − 3).
w
(1)
1,3,2(ν) =(328)
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− det
(
a
∗(1)∗
1,0,1,1(1;−ν − 2) a∗(1)∗1,0,1,2(1;−ν − 2)
a∗1∗1,0,1,1(1; ν) a
∗1∗
1,0,1,2(1; ν)
)
=
a∗∗1,0,1,1(1; ν)a
∗∗
1,0,1,2(1;−ν − 2)− a∗∗1,0,1,2(1; ν)a∗∗1,0,1,1(1;−ν − 2) =
−2τ 4(17τ 3 − 27τ 2 + 15τ − 3)8τ 3(6τ 3 + 9τ 2 + 5τ + 1)−
2τ 4(17τ 3 + 27τ 2 + 15τ + 3)8τ 3(6τ 3 − 9τ 3 − 5τ 2 + 1) =
−32τ 7(102τ 6 − 68τ 4 + 21τ 2 − 3),
w(1)2,3,2(ν) =(329)
− det
(
a∗1∗1,0,2,1(1;−ν − 2) a∗1∗1,0,2,2(1;−ν − 2)
a∗1∗1,0,2,1(1; ν) a
∗1∗
1,0,2,2(1; ν)
)
=
det
(
a∗1∗1,0,2,2(1;−ν − 2) a∗1∗1,0,2,1(1;−ν − 2)
a∗1∗1,0,2,2(1; ν) a
∗1∗
1,0,2,1(1; ν)
)
=
det
(
a∗1∗1,0,2,2(1;−ν − 2) −a∗∗1,0,2,3(1;−ν − 2)
a∗∗1,0,2,2(1; ν) −a∗∗1,0,2,3(1; ν)
)
= −2τ−2w(0)1,3,2(ν).
In view of (317), (314), (318), (326), (322),
(τ + 1)4(2τ − 1)3δf1,0,k(1, ν + 1)−(330)
4τ(68τ 6 − 45τ 4 + 12τ 2 − 1)δf1,0,k(1, ν)−
(τ − 1)4(2τ + 1)3δfα,0,k(1, ν − 1) = 0,
where k = 1, 3 and ν ∈M∗∗∗∗1 = ((−∞,−3]∪ [1,+∞))∩Z. According to the
equalities (317), (314), (320), (327), (324),
(τ + 1)3(2τ − 1)(τ 3 − (τ − 1)3)δ2f1,0,k(1, ν + 1)−(331)
2(102τ 6 − 68τ 4 + 21τ 2 − 3)δ2f1,0,k(1, ν)+
(τ − 1)3(2τ + 1)((τ + 1)3 − τ 3)δ2fα,0,k(1, ν − 1) = 0.
In view of (317), (314), (319), (328), (323),
8τ 3(2τ − 1)(τ 3 − (τ − 1)3)(2τ 2(τ + 1)5)f1,0,k(1, ν + 1)−
32τ 7(102τ 6 − 68τ 4 + 21τ 2 − 3)f1,0,k(1, ν)+
(−8τ 3(2τ + 1)((τ + 1)3 − τ 3))(−2τ 2(τ − 1)5f1,0,k(1, ν − 1) = 0,
(τ + 1)5(2τ − 1)(τ 3 − (τ − 1)3)f1,0,k(1, ν + 1)−(332)
2τ 2(102τ 6 − 68τ 4 + 21τ 2 − 3)f1,0,k(1, ν)+
(τ − 1)5(2τ + 1)((τ + 1)3 − τ 3))f1,0,k(1, ν − 1) = 0,
where k = 1, 3 and ν ∈M∗∗∗∗1 = ((−∞,−3] ∪ [1,+∞)) ∩ Z.
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Since δ2f1,0,k(1, ν + ε) =
1
2
(τ + ε)2f1,0,k(1, ν + ε)) if k = 1, 3, ε
3 = ε we
can replace δ2f1,0,k(1, ν + ε) by (1/2)(τ + ε)
2f1,0,k(1, ν + ε)) in (330). Then
we come to the equality
1
2
(τ + 1)5(2τ − 1)(τ 3 − (τ − 1)3)f1,0,k(1, ν + 1)−
τ 2(102τ 6 − 68τ 4 + 21τ 2 − 3)δ2f1,0,k(1, ν)+
1
2
(τ − 1)5(2τ + 1)((τ + 1)3 − τ 3)δ2fα,0,k(1, ν − 1) = 0,
this equality is equivalent to the equality (332). The equalities (321), (329)
and (325) show that we get in case κ = 1 the same result for the relation
between δ2f ∗1,0,k(1, ν + 1), δ
2f ∗1,0,k(1, ν) and δ
2f1,0,k(1, ν − 1) with k = 1, 3,
(relation (331)), as it have been obtained in the case κ = 0.
So, in the case κ = 0 we obtain the same results as in the case κ = 1.
Since
f1,0,k(1, ν) =
1
(ν + 1)2
f ∗1,0,k(1, ν),
it follows from (330) – ((331) that
(τ + 1)2τ(2τ − 1)3δf ∗1,0,k(1, ν + 1)−(333)
4(68τ 6 − 45τ 4 + 12τ 2 − 1)δf ∗1,0,k(1, ν)+
(τ − 1)2τ(2τ + 1)3δf ∗α,0,k(1, ν − 1) = 0,
(τ + 1)τ 2(2τ − 1)(τ 3 − (τ − 1)3)δ2f ∗1,0,k(1, ν + 1)−(334)
2(102τ 6 − 68τ 4 + 21τ 2 − 3)δ2f ∗1,0,k(1, ν)+
(τ − 1)τ 2(2τ + 1)((τ + 1)3 − τ 3)δ2f ∗α,0,k(1, ν − 1) = 0,
where k = 1, 3 Before to complete the proof of Theorem A, we want to check
equalities (333) and (334) for ν = 1, k = 3. If ν = 1, then the left part of the
equality (333) take the form
486δf ∗1,0,k(1, 2)− 14716δf ∗1,0,k(1, 1) + 250δf ∗1,0,k(1, 0)),
where k = 1, 3; in view of (277) – (299),
β
∗(1)
1,0,2(1; 2) = 1029, β
∗(1)
1,0,2(1; 1) = 34, β
∗(1)
1,0,2(1; 0) = 1,
β
∗(1)
1,0,4(1; 2) =
14843
6
, β
∗(1)
1,0,4(1; 1) =
327
4
, β
∗(1)
1,0,4(1; 0) = 3,
486β
∗(1)
1,0,2(1; 2)− 14716β∗(1)1,0,2(1; 1) + 250β∗(1)1,0,2(1; 0) =
2(243× 1029− 7358× 34 + 125) = 0,
486β
∗(1)
1,0,4(1; 2)− 14716β∗(1)1,0,4(1; 1) + 250β∗(1)1,0,4(1; 0) =
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81× 14843− 3679× 327 + 3× 250 = 0;
therefore, in view of (232), the equality (333) holds for ν = 1. If ν = 1, then
the left part of the equality (334) take the form
252δ2f ∗1,0,k(1, 2)− 11042δ2f ∗1,0,k(1, ν) + 380δ2f ∗α,0,k(1, 0),
in view of (289) – (299),
β
∗(2)
1,0,2(1; 2) = 2277, β
∗(2)
1,0,2(1; 1) = 52, β
∗(2)
1,0,2(1; 0) = 1,
β
∗(2)
1,0,4(1; 2) =
32845
6
, β
∗(2)
1,0,4(1; 1) = 125, β
∗(2)
1,0,4(1; 0) = 2,
252β
∗(2)
1,0,2(1; 2)− 11042β∗(2)1,0,2(1; 1) + 380β∗(2)1,0,2(1; 0) =
252× 2277− 11042× 52 + 380× 1 =
4(63× 2277− 11042× 13 + 95) = 0,
252β
∗(2)
1,0,4(1; 2)− 11042β∗(2)1,0,4(1; 1) + 380β∗(2)1,0,4(1; 0) =
42× 32845− 11042× 125 + 380× 2 =
10(21× 6569− 5521× 25 + 76) = 0;
therefore, in view of (232), the equality (334) holds for ν = 1. Let us consider
the equations
(τ + 1)2τ(2τ − 1)3xnu+1 −(335)
4(68τ 6 − 45τ 4 + 12τ 2 − 1)xν+
(τ − 1)2τ(2τ + 1)3xν−1 = 0,
(τ + 1)(2τ − 1)τ 2(τ 3 − (τ − 1)3)xnu+1 −(336)
2(102τ 6 − 68τ 4 + 21τ 2 − 3)xnu+
(τ − 1)(2τ + 1)τ 2((τ + 1)3 − τ 3)xnu−1 = 0,
where ν ∈ N0, τ = ν+1. It follows from (333) that xν = δf ∗1,0,k(1, ν) satisfies
to the equation (335) for ν ∈ N and fixed k ∈ {1, 3}. It follows from (334)
that xν = δ
2f ∗1,0,k(1, ν) satisfies (335) for ν ∈ N and fixed k ∈ {1, 3}. Both
equations (335) and (336) are difference equations of Poincare´ type with
characteristic polynomial λ2−34λ+1. Hence, if {xν}+∞ν=1 is a non-zero solution
of some of these equations, ε ∈ (0, 1), then there are C1(ε) > 0 and C2(ε) > 0
such that only two possibilities exist:
C1(ε)(
1 +
√
2
)4ν(1+ε) ≤ |xν | ≤ C2(ε)(
1 +
√
2
)4ν(1−ε)(337)
for all ν ∈ N or
C1(ε)
(
1 +
√
2
)4ν(1−ε)
≤ |xν | ≤ C2(ε)
(
1 +
√
2
)4ν(1+ε)
.(338)
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for all ν ∈ N. In view of (250), if xν = δrf ∗1,0,1(1, ν) with r = 1, 2, then (337)
is impossible. In view of (54) with α ∈ N, (189) and (232) with j = 1,
δrf ∗1,0,3(1, ν) = (ν + 1)
2O(1);
hence, if xν = δ
rf ∗1,0,3(1, ν) with r = 1, 2, then (338) is impossible. In view
of (255) with j = 1 and (250), xν = β
∗(1)
1,0,4(1, ν) and xν = β
∗(2)
1,0,4(1, ν) are
solutions for ν ∈ N of equations respectively (335) and (336), moreover (338)
take place for these solutions. Hence,
C1(ε)/C2(ε)(
1 +
√
2
)8ν(1+ε) ≤
∣∣∣∣2ζ(3)− β
∗(r)
1,0,4(1, ν)
β
∗(r)
1,0,2(1, ν)
∣∣∣∣ ≤(339)
C2(ε)/C1(ε)(
1 +
√
2
)8ν(1−ε)
for r = 1, 2. The equations (335) and (336) are equivalent to the equations
respectively
xν+1 = b
(1)
ν+1xν + a
(1)
ν+1xν−1,(340)
and
xν+1 = b
(2)
ν+1xν + a
(2)
ν+1xν−1,(341)
with
b
(1)
ν+1 = b
(1)
τ =
4(68τ 6 − 45τ 4 + 12τ 2 − 1)
(τ + 1)2τ(2τ − 1)3 ,(342)
a
(1)
ν+1 = a
(1)
τ = −
(τ − 1)2τ(2τ + 1)3
(τ + 1)2τ(2τ − 1)3 ,(343)
b
(2)
ν+1 = b
(2)
τ =(344)
2(102τ 6 − 68τ 4 + 21τ 2 − 3)
(τ + 1)(2τ − 1)τ 2(τ 3 − (τ − 1)3) ,
a
(2)
ν+1 = a
(2)
τ =(345)
−(τ − 1)(2τ + 1)τ
2((τ + 1)3 − τ 3)
(τ + 1)(2τ − 1)τ 2(τ 3 − (τ − 1)3)
and ν ∈ N. To consider the case ν = 0 also, we let
a
(1)
1 =
−81
4
, b
(1)
0 = β
∗(1)
1,0,4(1, 1) = 3, b
(1)
1 = 34 =(346)
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4(68τ 6 − 45τ 4 + 12τ 2 − 1)
(τ + 1)2τ(2τ − 1)3
∣∣∣∣
τ=1
,
a
(2)
1 = 21, b
(2)
0 = β
∗(2)
1,0,4(1, 0) = 2, b
(2)
1 = 52 =(347)
2(102τ 6 − 68τ 4 + 21τ 2 − 3)
(τ + 1)(2τ − 1)τ 2(τ 3 − (τ − 1)3)
∣∣∣∣
τ=1
.
The equation (340) is the eqution (1) with a
(1)
ν and b
(1)
ν in the role of respec-
tively aν and bν . The equation (341) is the eqution (1) with a
(2)
ν and b
(2)
ν in
the role of respectively aν and bν . Let xν = Q
(1)
1,ν and xν = Q
(2)
ν , where ν ∈ N0,
are solutions of the equations respectively (340) and (341) with initial values
respectively x0 = 1, x1 = b
(1)
1 = 34 and x0 = 1, x1 = b
(2)
1 = 52. Then we see
that xν = β
∗(r)
1,0,2(1, ν) and xν = Q
(r)
ν with fixed r ∈ {1, 2} are solutions of the
same equation with the same initial values. Therefore
Q(r)ν = β
∗(r)
1,0,2(1, ν)(348)
for r = 1, 2 and ν ∈ N0. Let xν = P (1)ν and xν = P (2)ν , where ν ∈ N0, are
solutions of the equations respectively (340) and (341) with initial values
respectively
x0 = b
(1)
0 , x1 = b
(1)
1 b
(1)
0 + a
(1)
1 =
327
4
= β
∗(1)
1,0,4(1, 1)
and
x0 = b
(2)
0 , x1 = b
(2)
1 b
(2)
0 + a
(2)
1 = 125 = β
∗(2)
1,0,4(1, 1).
Since xν = β
∗(r)
1,0,4(1, ν) and xν = P
(r)
ν with fixed r ∈ {1, 2} are solutions of
the same equation with the same initial values, it follows that
P (r)ν = β
∗(r)
1,0,4(1, ν)(349)
for r = 1, 2 and ν ∈ N0. In view of (339) with r = 1,
C1(ε)/C2(ε)(
1 +
√
2
)8ν(1+ε) ≤
∣∣∣∣2ζ(3)− P
(r)
ν
Q
(r)
ν
∣∣∣∣ ≤ C2(ε)/C1(ε)(
1 +
√
2
)8ν(1−ε) .(350)
We put in the equation (1) ξν = xν/dν with some dν 6= 0 for ν ∈ N0, and we
put d0 = d−1 = 1. Then we obtain equation
ξν+1 = β
∨
ν+1ξν + αν+1ξν−1(351)
with ξ0 = x0 = b0,
αν+1 = aν+1
dν+1
dν−1
, βν+1 = bν+1
dν+1
dν
(352)
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where ν ∈ N0. Clearly, continuous fraction connected with the equation (351)
has the same convergents as continuous fraction corresponding to the equa-
tion (1). We apply this transformatin for the equations (340) and (341)
instead of equation (1) with respectively
dν = d
(1)
ν =
ν∏
k=1
k(k + 1)2(2k − 1)3,
dν = d
(2)
ν =
ν∏
k=1
(k + 1)(2k − 1)k2(k3 − (k − 1)3),
Then we have
d
(1)
ν+1
d
(1)
ν
= (ν + 1)(ν + 2)2(2ν + 1)3 = τ(τ + 1)2(2τ − 1)3,
d
(2)
ν+1
d
(2)
ν
= (ν + 2)(2ν + 1)(ν + 1)2((ν + 1)3 − ν3) =
(τ + 1)(2τ − 1)τ 2(τ 3 − (τ − 1)3),
if ν ∈ N0,
d
(1)
ν+1
d
(1)
ν−1
= τ(τ + 1)2(2τ − 1)3 × (τ − 1)τ 2(2τ − 3)3,
d
(2)
ν+1
d
(2)
ν−1
= (τ + 1)(2τ − 1)τ 2(τ 3 − (τ − 1)3)×
τ(2τ − 3)(τ − 1)2((τ − 1)3 − (τ − 2)3),
if ν ∈ N,
d
(1)
1
d
(1)
−1
= 4,
d
(2)
1
d
(2)
−1
= 2,
and we obtain two expansions of the number 2ζ(3) in continuous fraction:
one expansion with a1 = −81, b0 = 3,
aν+1 = aτ = −(τ − 1)
2τ(2τ + 1)3
(τ + 1)2τ(2τ − 1)3×
τ(τ + 1)2(2τ − 1)3 × (τ − 1)τ 2(2τ − 3)3 =
−(τ(τ + 1)(4τ 2 − 4τ − 3))3
for ν ∈ N,
bν+1 = bτ = 4(68τ
6 − 45τ 4 + 12τ 2 − 1)
for ν ∈ N0, and another expansion with
a1 = 42, b0 = 2, aν+1 = aτ =
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−(τ − 1)(2τ + 1)τ
2((τ + 1)3 − τ 3)
(τ + 1)(2τ − 1)τ 2(τ 3 − (τ − 1)3)×
(τ + 1)(2τ − 1)τ 2(τ 3 − (τ − 1)3)×
τ(2τ − 3)(τ − 1)2((τ − 1)3 − (τ − 2)3) =
−(τ − 1)3τ 3(4τ 2 − 4τ − 3)×
((τ + 1)3 − τ 3)((τ − 1)3 − (τ − 2)3)
for ν ∈ N,
bν+1 = bτ = 2(102τ
6 − 68τ 4 + 21τ 2 − 3)
for ν ∈ N0, 
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